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Abstract
In the coset model (D
(1)
N ⊕ D(1)N , D(1)N ) at levels (k1, k2), the higher spin 4 current that
contains the quartic WZW currents contracted with completely symmetric SO(2N) invariant
d tensor of rank 4 is obtained. The three-point functions with two scalars are obtained for
any finite N and k2 with k1 = 1. They are determined also in the large N ’t Hooft limit.
When one of the levels is the dual Coxeter number of SO(2N), k1 = 2N − 2, the higher spin
7
2
current, which contains the septic adjoint fermions contracted with the above d tensor and
the triple product of structure constants, is obtained from the operator product expansion
(OPE) between the spin 3
2
current living in the N = 1 superconformal algebra and the above
higher spin 4 current. The OPEs between the higher spin 7
2
, 4 currents are described. For
k1 = k2 = 2N − 2 where both levels are equal to the dual Coxeter number of SO(2N), the
higher spin 3 current of U(1) charge 4
3
, which contains the six product of spin 1
2
(two) adjoint
fermions contracted with the product of d tensor and two structure constants, is obtained.
The corresponding N = 2 higher spin multiplet is determined by calculating the remaining
higher spin 7
2
, 7
2
, 4 currents with the help of two spin 3
2
currents in the N = 2 superconformal
algebra. The other N = 2 higher spin multiplet, whose U(1) charge is opposite to the one of
above N = 2 higher spin multiplet, is obtained. The OPE between these two N = 2 higher
spin mutiplets is also discussed.
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1 Introduction
The Gaberdiel and Gopakumar proposal [1], the duality between the higher spin gauge theory
on AdS3 space [2] and the large N ’t Hooft limit of a family of WN(≡ WAN−1) minimal
models is the natural analogue of the Klebanov and Polyakov duality [3] relating the O(N)
vector model in three-dimensions to a higher spin theory on AdS4 space. Then the obvious
generalization of [1] is to consider the Klebanov and Polyakov duality in one dimension lower.
By replacing the SU(N) group by SO(2N), the relevant most general coset model is described
as [4, 5]
SˆO(2N)k1 ⊕ SˆO(2N)k2
SˆO(2N)k1+k2
. (1.1)
2
One can also consider the case where the SU(N) group by SO(2N+1) but this is not described
in this paper. It is known that the conformal weight (or spin) of the primary state is equal to
the quadratic Casimir eigenvalue divided by the sum of the level and the dual Coxeter number
of the finite Lie algebra [6, 7]. For example, for SO(2N), the quadratic Casimir eigenvalue for
the adjoint representation is given by 2N −2 while the dual Coxeter number is 2N −2. Then
we are left with the adjoint fermion of spin 1
2
at the critical level which is equal to the dual
Coxeter number. One can apply this critical behavior to the two numerator factors in (1.1)
simultaneously. In the description of these adjoint free fermions, the central charge grows like
N2 in the large N ’t Hooft limit: so-called stringy coset model [8]. See also the relevant works
in [9, 10, 11, 12, 13].
Although some constructions on the higher spin currents in [14] have been done, there
are two unknown coefficients in the expression of higher spin 4 current. Moreover, the spin 1
currents in the numerators of (1.1) are described with the double index notation. Each index
is a vector representation of SO(2N) and because of antisymmetric property of these spin 1
currents, the number of independent fields is given by 1
2
[(2N)2 − 2N ] = N(2N − 1). In order
to obtain the description of above free adjoint fermions, one should write down the spin 1
currents with a single adjoint index. It is known that the real free fermions transforming in
the adjoint representation of SO(2N) realize the affine Kac Moody algebra for the critical
level. It is equivalent to the theory of 1
2
2N(2N − 1) = N(2N − 1) free fermions [7].
Before one considers the adjoint free fermion description, one should obtain the higher
spin 4 current from the spin 1 currents living in the numerator factors of (1.1) and having a
single adjoint index. The higher spin 4 current is SO(2N) singlet field [6]. Then one should
have a quantity contracted with the quartic terms in the above spin 1 currents. This is known
as d symbol which is completely symmetric SO(2N) invariant tensor of rank 4. In calculation
of any OPE between the higher spin currents, one should use various contraction identities
between the above d symbol and the structure constant f . Recall that in the defining OPE
between the spin 1 currents, the structure constant f symbol appears. As far as I know,
there are no known identities between f symbol and d symbol except of ff contraction in the
literature. This is one of the reasons why the double index notation in [14] is used.
In this paper, one starts with the definition of d symbol which is given by one half times
the trace over six quartic terms in the SO(2N) generators. When one meets the relevant
contraction identities in the calculation of any OPE, one can try to obtain the tensorial
structure in the right-hand sides of these identities. Of course in each term, there should
be present N dependence coefficients explicitly. The tensorial structure in terms of multiple
product of f symbol, d symbol and the symmetric SO(2N) invariant tensor δ of rank 2 occurs
3
naturally during the explicit calculation of OPE. As one applies for N = 2, 3, 4 and 5 cases
in the SO(2N) generators, one can determine the N dependence coefficients explicitly.
It turns out that the higher spin 4 current is obtained completely except of overall nor-
malization factor. The eigenvalue equations of zero mode of the higher spin 4 current acting
on several primary states can be determined explicitly. The corresponding three-point func-
tions can be obtained. By choosing the overall factor correctly, one observes the standard
three-point functions in the large N ’t Hooft limit from the asymptotic symmetry algebra in
the AdS3 bulk theory. From the description of adjoint fermions living in the first factor in
the numerator of (1.1), one obtains the well known N = 1 superconformal algebra generated
by the spin 2 stress energy tensor and its superpartner, spin 3
2
current. It turns out that the
higher spin 7
2
current consists of septic, quintic, cubic and linear terms in the adjoint fermions
with appropriate derivative terms. The N = 2 superconformal algebra is realized by two
adjoint fermions living in the two numerator factors in (1.1). In this case, the higher spin 3
current with U(1) charge 4
3
is given by the multiple product of two fermions contracted with
dff or ff tensor without any derivative terms. Moreover, its three partners, higher spin 7
2
, 7
2
,
and 4 currents are determined.
In section 2, the higher spin 4 current is obtained, the three-point functions are given and
the OPE between the higher spin 4 current and itself is described under some constraints.
In section 3, the higher spin 7
2
current is obtained, and the three OPEs between this higher
spin 7
2
current and the higher spin 4 current are described using the Jacobi identities.
In section 4, the lowest higher spin 3 current is obtained, and its three other higher spin
7
2
, 7
2
and 4 currents are obtained which can be denoted as N = 2 lowest higher spin multiplet
with definite U(1) charge 4
3
. Furthermore, another N = 2 lowest higher spin multiplet with
definite U(1) charge −4
3
is obtained. The OPE between these higher spin multiplets in N = 2
superspace are given using the Jacobi identities.
In section 5, we list some future directions related to this work.
In Appendices A-L, the technical details appearing in sections 2, 3 and 4 are given.
2 The coset model with arbitrary two levels (k1, k2)
From the spin 1 currents of the coset model, one constructs the spin 2 stress energy tensor.
By generalizing the Sugawara construction, the higher spin 4 current is obtained from the
quartic terms in the spin 1 currents with the SO(2N) invariant tensors of ranks 4, 2. The
corresponding three-point functions of zero mode of the higher spin 4 current with two scalars
are described. The OPE between the higher spin 4 current and itself for particular k1 and N
4
is obtained.
2.1 Spin 2 current and Virasoro algebra
The standard stress energy tensor satisfies the following OPE [6]
T (z) T (w) =
1
(z − w)4
c
2
+
1
(z − w)2 2T (w) +
1
(z − w) ∂T (w) + · · · . (2.1)
For the coset model in (1.1), the above stress energy tensor can be obtained by usual Sugawara
construction [6]
T (z) = − 1
2(k1 + 2N − 2)J
aJa(z)− 1
2(k2 + 2N − 2)K
aKa(z)
+
1
2(k1 + k2 + 2N − 2)(J
a +Ka)(Ja +Ka)(z). (2.2)
The affine Kac-Moody algebra SˆO(2N)k1⊕SˆO(2N)k2 in (1.1) is described by the following
OPEs [6]
Ja(z) J b(w) = − 1
(z − w)2 k1δ
ab +
1
(z − w) f
abcJc(w) + · · · ,
Ka(z)Kb(w) = − 1
(z − w)2 k2δ
ab +
1
(z − w) f
abcKc(w) + · · · . (2.3)
The adjoint indices a, b, · · · corresponding to SO(2N) group run over a, b = 1, 2, · · · , 1
2
2N(2N−
1). The Kronecker delta δab appearing in (2.3) is the second rank SO(2N) symmetric invariant
tensor. The structure constant fabc is antisymmetric as usual. The diagonal affine Kac-Moody
algebra SˆO(2N)k1+k2 in (1.1) can be obtained by adding the above two spin 1 currents, J
a(z)
and Ka(z). Of course, we have Ja(z)Kb(w) = + · · ·.
The central charge appearing the above OPE (2.1) is given by [6]
c(k1, k2, N) =
1
2
2N(2N − 1)
[
k1
(k1 + 2N − 2) +
k2
(k2 + 2N − 2) −
(k1 + k2)
(k1 + k2 + 2N − 2)
]
. (2.4)
Note that the dual Coxeter number of SO(2N) is equal to (2N − 2) and the dimension of
SO(2N) is given by 1
2
2N(2N − 1).
Then the Virasoro algebra realized in the coset model (1.1) [5, 15] is summarized by (2.1)
together with (2.2) and (2.4).
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2.2 Higher spin 4 current
The 28 SO(8) generators T a are given in Appendix (A.1). Then the structure constant
introduced in the above is given by
fabc = − i
2
Tr
[
T cT aT b − T cT bT a
]
. (2.5)
Then one obtains [T a, T b] = ifabcT c.
The totally symmetric SO(2N) invariant tensor of rank 4 is defined as [16, 17]
T aT bT c + T aT cT b + T cT aT b + T bT aT c + T bT cT a + T cT bT a = dabcd T d. (2.6)
That is, one can express the d tensor as 1
dabcd =
1
2
Tr
[
T dT aT bT c + T dT aT cT b + T dT cT aT b + T dT bT aT c + T dT bT cT a + T dT cT bT a
]
. (2.7)
Note that one uses Tr(T aT b) = 2δab.
One obtains the product of the structure constants
fabcfabd = 2(2N − 2)δcd, (2.8)
and the triple product leads to
fadbf becf cfa = −(2N − 2)f def . (2.9)
Furthermore, one obtains the following nontrivial triple product between d tensor (2.7) and
f tensor (2.5)
dadebf bfcf cga = −4
3
(N − 1)ddefg + 4δdfδeg + 4δdgδef − 8δdeδfg
− 1
3
(2N − 5)f dfhfheg − 1
3
(2N − 5)f dghfhef . (2.10)
By multiplying f dfh into (2.10) and rearranging the indices, one obtains with (2.9)
dabcffagdf bdef che = 2(2N2 − 7N + 11)f fgh. (2.11)
For the index condition f = d in (2.10) together with the identity (2.8), one obtains
daabc = 2(4N − 1)δbc. (2.12)
1 One can consider the rank 3 tensor as dabc = 1
2
Tr
[
T aT bT c + T bT aT c
]
which is identically zero.
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Note that this behavior is different from the one of unitary case where the trivial result
daabc = 0 arises [18]. One also has
dabcddabce = 12 [N(2N − 1) + 2] δde. (2.13)
Let us describe how one can obtain the higher spin current with the help of d tensor we
introduced. For the second rank SO(2N) invariant symmetric tensor δab, one describes the
stress energy tensor in (2.2). According to the observation of footnote 1, there is no nontrivial
third rank SO(2N) invariant symmetric tensor dabc. Then the next nontrivial higher spin
current can be constructed from the fourth rank SO(2N) invariant symmetric tensor dabcd
(2.6).
Let us consider the following higher spin 4 current, along the line of [18, 19, 6],
W (4)(z) = dabcd
[
A1 J
aJ bJcJd + A2 J
aJ bJcKd + A3 J
aJ bKcKd
+ A4 J
aKbKcKd + A5K
aKbKcKd
]
(z) +
[
A6 ∂J
a∂Ja + A7 ∂
2JaJa
+ A8 ∂K
a∂Ka + A9 ∂
2KaKa + A10 ∂J
a∂Ka + A11 ∂
2JaKa
+ A12 J
a∂2Ka + A13 f
abcJa∂J bKc + A14 f
abcJaKb∂Kc + A15 J
aJaJ bJ b
+ A16K
aKaKbKb + A17 J
aJaKbKb + A18 J
aJaJ bKb + A19 J
aKaKbKb
+ A20 J
aJ bKaKb
]
(z). (2.14)
One should obtain the twenty relative (k1, k2, N)-dependent coefficients. The first five quartic
terms in (2.14) can be easily understood in the sense that they are the only possible terms
from each spin 1 current, Ja(z) and Ka(z) using the dabcd tensor. The next seven derivative
terms in (2.14) can be seen from the second derivative of stress energy tensor ∂2T (z). The
remaining eight terms can arise in TT (z).
First of all, the higher spin 4 current should have the regular terms with the diagonal spin
1 current in the coset model as follows [18, 19, 6]:
J ′a(z)W (4)(w) = + · · · , J ′a(z) ≡ (Ja +Ka)(z). (2.15)
Let us calculate the OPEs between the diagonal spin 1 current and the twenty terms in
(2.14) in order to use the condition (2.15). One can perform the various OPEs by following
the procedures done in the unitary case [20]. Let us focus on the A1 term in (2.14) which
has the regular OPE with Ka(z). Then the equations (2.22), (2.23) and (2.24) of [20] can be
used. For example, the equation (2.24) of [20] provides the information of the OPE between
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the J ′a(z) and the above A1 term. Using the relations (2.11) and (2.8), one can simplify the
fourth-order pole in (2.24) of [20] which was given by fabff fcidbcdef gehf idgJh(w).
It turns out that we are left with Ja(w) with N -dependent SO(2N) group theoretical
factor. The third-order pole,
fabfdbcde(fhdgf fchJgJe + fhegf fchJdJg + fhegf fdhJcJg)(w) + facfdbcdef gehf fdgJbJh(w), (2.16)
can be simplified with the help of (2.11). We are left with fabcJ bJc(w) in (2.16) with N
dependent coefficient factor which is proportional to ∂Ja(w). Finally the second-order pole,
−4k1dabcdJ bJcJd(w)
+dbcde(fabff fcgJgJdJe + fabff fdgJcJgJe + fabff fegJcJdJg
+facff fdgJ bJgJe + facff fegJ bJdJg + fadff fegJ bJcJg)(w), (2.17)
can be simplified further together with (2.10).
Then we obtain the final OPE as follows:
J ′a(z) dbcdeJ bJcJdJe(w) =
1
(z − w)4 2(2N − 2)(4N
2 − 14N + 22)Ja(w)
− 1
(z − w)3 2(4N
2 − 14N + 22)fabcJ bJc(w)
+
1
(z − w)2
[
− (4k1 + 8(N − 1))dabcdJ bJcJd − (12 + (2N − 2)(2N − 5))fabc∂J bJc
+(12 + (2N − 2)(2N − 5))fabcJ b∂Jc
]
(w) + · · · . (2.18)
There is no first order pole in the above (2.18). One can check the second order pole in (2.18)
from (2.17).
Let us consider the A2 term in (2.14) where there exists K
d(z) dependence. Starting from
the (2.23) and (2.21) of [20] with the relations (2.11) and (2.10), one can simplify the third
order pole, facffdbcdef gehf fdgJhKb(w), as fabcJ bKc(w) with N dependent factor. Similarly,
the second order pole,
−3k1dabcdJcJdKb(w)− k2dabcdJ bJcJd(w)
+dbcde(facff fdgJgJeKb + facff fegJdJgKb + fadff fegJcJgKb)(w), (2.19)
can be simplified in terms of several independent terms. It turns out that in this case also
there are no first order poles.
Therefore, one obtains the following OPE corresponding to A2 term
J ′a(z) dbcdeJ bJcJdKe(w) =
1
(z − w)3 (4N
2 − 14N + 22)fabcJ bKc(w)
8
+
1
(z − w)2
[
− (3k1 + 4(N − 1))dabcdJ bJcKd − k2dabcdJ bJcJd + 12J bJ bKa
−12JaJ bKb − 12fabc∂J bKc + (2N − 5)fabcf cdeJ bJeKd
]
(w) + · · · . (2.20)
One can see the second order pole in (2.20) from (2.19).
Let us consider the A3 term in (2.14). From the (2.22) of [20], one has the relevant OPEs.
For example, the second order pole,
(−2k1dabcdJdKbKc + fadff fegdbcdeJgKbKc − 2k2dabcdKdJbJc + fadff fegdbcdeKgJbJc)(w), (2.21)
can be reexpressed in terms of various independent terms with the help of the identity (2.10).
It turns out that the relevant OPE coming from (2.21) can be summarized as
J ′a(z) dbcdeJ bJcKdKe(w) =
1
(z − w)2
[
− (2k1 + 4
3
(N − 1))dabcdJ bKcKd
−(2k2 + 4
3
(N − 1))dabcdJ bJcKd + 8J bKaKb + 4fabc∂J bKc
−8JaKbKb − 4fabcJ b∂Kc − 1
3
(2N − 5)fabcf cdeJdKeKb
−1
3
(2N − 5)fabcf cdeJdKbKe − 8J bJ bKa + 8JaJ bKb
−1
3
(2N − 5)fabcf cdeJeJ bKd − 1
3
(2N − 5)fabcf cdeJ bJeKd
]
(w) + · · · . (2.22)
It is useful to realize that this OPE remains the same after the exchange of Ja(w) and Ka(w)
together with k1 ↔ k2. The left hand side is invariant under this transformation because the
d tensor is totally symmetric. The twelve terms in the second order pole can be divided into
two groups and each of them has their own counterpart.
It is straightforward to complete this calculation step by step. We summarize the remain-
ing 17 OPEs in Appendix B. Then we have the complete expressions in (2.18), (2.20), (2.22),
and Appendix (B.1).
The higher spin 4 current should transform as a primary field under the stress energy
tensor (2.2). According to the previous regular condition (2.15), the diagonal spin 1 current
J ′a(z) does not have any singular terms in the OPE with the higher spin 4 current W (4)(w)
after we use the results of Appendix (B.2). Then there are no singular terms in the OPE
between the stress energy tensor in the denominator of the coset model (1.1) and the higher
spin 4 current because the former is given by J ′aJ ′a(z). The singular terms can arise from the
OPE between the stress energy tensor in the numerator of the coset model and the higher
spin 4 current. Therefore, one should have the following condition [18, 19, 6]
Tˆ (z)W (4)(w)
∣∣∣∣∣
1
(z−w)n
, n=3,4,5,6
= 0. (2.23)
Here the stress energy tensor in the numerator is described by
Tˆ (z) ≡ − 1
2(k1 + 2N − 2)J
aJa(z)− 1
2(k2 + 2N − 2)K
aKa(z). (2.24)
Of course, the higher spin 4 current has the standard OPE (the second and first order poles)
with stress energy tensor (2.2) as usual.
Let us calculate the OPE between the stress energy tensor (2.24) and the A1 term in
(2.14). First of all, because the A1 term does not contain the K
a(w) spin 1 current, one can
consider the OPE between the first term of (2.24) and the A1 term. It is known that the spin
1 current Ja(w) transforms as a primary field under the the first term of (2.24) (i.e., stress
energy tensor in the first factor of the numerator). Then one should obtain the OPE J b(z)
dbcdeJcJdJe(w) and this turns out that there exists a nontrivial second order pole given by
−3k1(8N − 2)JcJc(w) where the identity (2.12) is used. Note that the structure constant
term vanishes due to the presence of dbcde. Furthermore, one should calculate the OPE
between the above stress energy tensor and the previous expression dbcdeJcJdJe(w) where the
order of the singular terms is greater than 2. Then we are left with −3k1(8N − 2)JcJc(w)
by combing the contribution −2k1(8N − 2)JcJc(w) from the contraction between the stress
energy tensor and Jc(w) and the contribution −k1(8N−2)JcJc(w) from the OPE between the
stress energy tensor and dbcdeJdJe(w). Therefore, the final total contribution is summarized
by −6k1(8N − 2)JcJc(w) and we present this OPE as follows:
Tˆ (z) dbcdeJ bJcJdJe(w) = − 1
(z − w)4 12k1(4N − 1)J
aJa(w) +O( 1
(z − w)2 ). (2.25)
This result in (2.25) is different behavior from the corresponding OPE in the unitary case
because in the latter, there is no contribution from the fourth order pole because the above
daabc tensor for the SU(N) group vanishes [18].
Let us move on the A2 term in (2.14). In this case, the spin 1 current K
d(w) is present.
However, the contribution in the higher singular terms of the stress energy tensor coming
from the second term of (2.24) vanishes. Then one can calculate the OPE between the stress
energy tensor in the first factor of the numerator and the A2 term. By using the previous
procedure one can obtain the contribution −2k1(8N − 2)JcKc(w) from the contraction with
J b(w) current and the contribution −k1(8N − 2)JcKc(w) from the contraction with other
remaining factor dbcdeJcJdKe(w). By adding these two, one obtains the following OPE
Tˆ (z) dbcdeJ bJcJdKe(w) = − 1
(z − w)4 6k1(4N − 1)J
aKa(w) +O( 1
(z − w)2 ). (2.26)
Now let us describe the contribution from A3 term in (2.14) where the quadratic K
cKd(w)
appears. In this case, one should also calculate the contribution from the stress energy tensor
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in the second term in (2.24). As done before, the contribution from the contraction with
J b(w) spin 1 current is given by −k1(8N − 2)KcKc(w). Similarly the contribution from the
contraction with the remaining factor is given by −k2(8N −2)JcJc(w). Then we are left with
Tˆ (z) dbcdeJ bJcKdKe(w) = − 1
(z − w)4
[
2k2(4N − 1)JaJa + 2k1(4N − 1)KaKa
]
(w)
+ O( 1
(z − w)2 ). (2.27)
One also sees the symmetry under the transformation Ja(z)↔ Ka(z) and k1 ↔ k2.
It is straightforward to determine other remaining calculation step by step. We summarize
the remaining 17 OPEs in Appendix C. Then we are left with (2.25), (2.26), (2.27), and
Appendix (C.1).
Now one can determine the undetermined coefficient functions A1, A2, · · · , A20 appearing
in the higher spin 4 current in (2.14). The twenty three linear equations are given in Appendix
(B.2) explicitly. The eight linear equations are given in Appendix (C.2). By solving them, one
obtains the final expressions in AppendixD. They depend on k1, k2 andN . The corresponding
coefficients for k1 = 1 are presented in Appendix E. Appendix F corresponds to the case
where k1 = 2N − 2.
2.3 Three-point functions [21] with two scalars where k1 = 1
The zero modes of the current satisfy the commutation relations of the underlying finite
dimensional Lie algebra SO(2N). For the state |(v; 0) >, T a corresponds to iKa0 and for the
state |(0; v) >, T a corresponds to iJa0 as follows:
|(v; 0) >: T a ↔ iKa0 , |(0; v) >: T a ↔ iJa0 . (2.28)
Note that from the defining equation of the OPEs (2.3), one obtains
[Jam, J
b
n] = −k1mδabδm+n,0 + fabcJcm+n, [Kam, Kbn] = −k2mδabδm+n,0 + fabcKcm+n.(2.29)
In (2.29), the central terms for the zero modes vanish. Recall that our generators for the
SO(2N) satisfy [T a, T b] = ifabcT c [6].
The large N ’t Hooft limit is described as [22, 23]
N, k2 →∞, λ ≡ 2N
2N − 2 + k2 fixed. (2.30)
The presence of numerical value −2 in the denominator of (2.30) is not important under the
large N ’t Hooft limit [24].
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Compared to the large N = 4 holography in [10, 25, 26] where one can obtain the eigen-
value equations from the several low N values inside the package of [27], one should analyze
both the coefficients and zero modes of the twenty terms in higher spin 4 current in order to
obtain the corresponding eigenvalue equations.
2.3.1 Eigenvalue equation of the zero mode of the higher spin 4 current acting
on the state |(0; v) >
Let us consider the eigenvalue equation of the zero mode of the A1 term of the higher spin 4
current in (2.14) acting on the primary state (0; v)
dabcd(JaJ bJcJd)0|(0; v) > . (2.31)
Using the fact that the zero mode is nothing but the product of each zero mode but the
ordering is reversed [18, 19], the above expression (2.31) becomes
dabcd(JdJcJ bJa)0|(0; v) > . (2.32)
Note that the ground state transforms as a vector representation with respect to Ja0 while the
zero mode Ka0 has vanishing eigenvalue equation [21]
Ka0 |(0; v) >= 0. (2.33)
Then the above expression (2.32) becomes
1
2N
dabcd(−i)4Tr(T dT cT bT a)|(0; v) > . (2.34)
In order to use the previous identity in (2.6), one can express the above A1 term as follows:
1
6
dabcd(JaJ bJcJd + J bJcJaJd + J bJaJcJd + JcJaJ bJd + JaJcJ bJd + JcJ bJaJd), (2.35)
due to the symmetric property of d tensor. Then the equivalent expression corresponding to
(2.34) with (2.35) can be written in terms of
1
2N
1
6
dabcdTr(T dT cT bT a + T dT aT cT b + T dT cT aT b + T dT bT aT c + T dT bT cT a + T dT aT bT c)
×|(0; v) > . (2.36)
The reason why there exists the extra 1
2N
is that one should have the eigenvalue not the
trace. Using the identity (2.6), one can reexpress (2.36) as
1
2N
1
3
dabcddcbad =
1
2N
1
3
12 [N(2N − 1) + 2] δaa = 1
2N
1
3
12 [N(2N − 1) + 2] 1
2
2N(2N − 1)
→ 8N3. (2.37)
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Here the identity (2.13) is used and we take the large N limit at the last result in (2.37).
One can analyze the other 19 terms in (2.14). Among them, the 16 terms which have the
Ka(z) spin 1 current do not contribute to the eigenvalue equation because one can take the
zero mode and change the ordering of the zero modes as in (2.32). Then one can move the
rightmost zero mode Ka0 to the right and use the previous condition (2.33). On the other
hand, the remaining A6, A7 and A15 terms can contribute to the eigenvalue equation.
The zero mode of the A6 term of the higher spin 4 current acting on the primary state
(0; v) is
(∂Ja∂Ja)0|(0; v) >= (∂Ja)0(∂Ja)0|(0; v) >= (−Ja0 )(−Ja0 )|(0; v) >= Ja0Ja0 |(0; v) >, (2.38)
where the zero mode of ∂Ja in (2.38) can be obtained from the usual mode expansion and is
given by the zero mode of −Ja. Now using the correspondence (2.28), the above expression
leads to
1
2N
Tr(iT aiT a)|(0; v) >= − 1
2N
2δaa = − 1
2N
2
1
2
2N(2N − 1)→ −2N, (2.39)
where the extra factor 1
2N
is considered as in (2.36) and the large N limit is taken.
Now the final contribution from the zero mode of the A7 term of the higher spin 4 current
acting on the primary state (0; v) is given by
(∂2JaJa)0|(0; v) >= Ja0 (∂2Ja)0|(0; v) >= Ja0 2Ja0 |(0; v) >, (2.40)
where the zero mode of ∂2Ja in (2.40) can be obtained from the usual mode expansion also
and is given by the zero mode of 2Ja. Therefore, one can follow the previous description. It
turns out that
2
1
2N
Tr(iT aiT a)|(0; v) >= −2 1
2N
2
1
2
2N(2N − 1)→ −4N. (2.41)
For the A15 term, one has the eigenvalue equation
(JaJaJ bJ b)0|(0; v) >= δabδcd(JaJ bJcJd)0|(0; v) > . (2.42)
By following the procedure in the A1 term, one obtains that the above (2.42) can be written
as
1
2N
1
3
δabδcddcbad =
1
2N
1
3
2(4N − 1)1
2
2N(2N − 1)→ 8
3
N2, (2.43)
where the identity (2.12) is used in (2.43). Furthermore, the A15 term itself behaves as N
0 in
Appendix (E.3). Then there is no contribution at the leading order approximation.
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By combining (2.37), (2.39) and (2.41) with the corresponding coefficients in the large N
limit of Appendix (E.3), the zero mode eigenvalue equation leads to
W
(4)
0 |(0; v) > =
[
8N3A1 + (−2N)
(
N2
12(2λ− 9)
5(2λ− 3) A1
)
+ (−4N)
(
−N2 8(2λ− 9)
5(2λ− 3)A1
)]
× |(0; v) >= N3
[
96(λ− 2)
5(2λ− 3)
]
A1|(0; v) > . (2.44)
One can also calculate the same eigenvalue equation at finite N and k2 corresponding to (2.44)
which will appear later.
2.3.2 Eigenvalue equation of the zero mode of the higher spin 4 current acting
on the state |(v; 0) >
Let us describe the eigenvalue equation of the zero mode of the A1 term of the higher spin 4
current in (2.14) acting on the primary state (v; 0)
dabcd(JaJ bJcJd)0|(v; 0) >= dabcdJd0Jc0J b0Ja0 |(v; 0) > . (2.45)
Note that the ground state transforms as a vector representation with respect to Ka0 and the
singlet condition for the primary state (v; 0) can be described as [21]
(Ja0 +K
a
0 )|(v; 0) >= 0. (2.46)
Then the above expression (2.45) is equivalent to
− dabcdJd0Jc0J b0Ka0 |(v; 0) >= −dabcdKa0Jd0Jc0J b0 |(v; 0) >, (2.47)
where the relation (2.46) is used and the zero mode Ka0 is moved to the left. Now the singlet
condition is applied to the rightmost J b0 and we are left with
dabcdKa0J
d
0J
c
0K
b
0|(v; 0) >= dabcdKa0Kb0Jd0Jc0 |(v; 0) > . (2.48)
One can further take the previous steps and obtains
dabcdKa0K
b
0K
c
0K
d
0 |(v; 0) > . (2.49)
Then using the correspondence (2.28), the above expression (2.49) becomes
1
2N
dabcd(−i)4Tr(T aT bT cT d)|(0; v) >, (2.50)
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which leads to the previous eigenvalue in (2.37) 2.
What happens for A5 term of higher spin 4 current in (2.14)? According to the large N
behavior of the coefficient A5, this coefficient behaves as
1
N
in Appendix (E.3) and moreover
the analysis of eigenvalue equation leads to N3 behavior. Therefore, the total power for the
large N behavior is given by N2 and can be ignored in this approximation.
Let us move on the A6 term. The eigenvalue equation leads to
(∂Ja∂Ja)0|(v; 0) >= Ja0Ja0 |(v; 0) >= −Ja0Ka0 |(v; 0) >= Ka0Ka0 |(v; 0) >, (2.54)
where the singlet condition (2.46) is used. After using the correspondence (2.28), this becomes
the previous result in (2.39).
Similarly, the A7 term eigenvalue equation gives
(∂2JaJa)0|(v; 0) >= Ja0 2Ja0 |(v; 0) >= −2Ja0Ka0 |(v; 0) >= 2Ka0Ka0 |(v; 0) >, (2.55)
which leads to (2.41).
For the A8 and A9 terms of the higher spin 4 current, these coefficients behave as N from
Appendix (E.3) in the large N limit and the corresponding eigenvalues behave as N . Then
the total power of the large N behavior is given by 2 and these terms can be ignored at the
leading order calculation 3.
2 The eigenvalue equation of the zero mode of the A2 term of the higher spin 4 current in (2.14) acting on
the primary state (v; 0) can be written as
dabcd(JaJbJcKd)0|(v; 0) >= dabcdKd0Jc0Jb0Ja0 |(v; 0) >, (2.51)
which is equivalent to (2.47) with an extra minus sign due to the symmetric property of the d symbol. Then
we are left with the fact that the relation (2.51) is equal to the previous result (2.50) with minus sign.
The eigenvalue equation of the zero mode of the A3 term of the higher spin 4 current in (2.14) acting on
the primary state (v; 0) leads to
dabcd(JaJbKcKd)0|(v; 0) >= dabcdKd0Kc0Jb0Ja0 |(v; 0) >, (2.52)
which is equal to (2.48) and this (2.52) becomes the expression (2.50).
Similarly, the eigenvalue equation of the zero mode of the A4 term of the higher spin 4 current in (2.14)
acting on the primary state (v; 0) can be described as
dabcd(JaKbKcKd)0|(v; 0) >= dabcdKd0Kc0Kb0Ja0 |(v; 0) >= −dabcdKd0Kc0Kb0Ka0 |(v; 0) >, (2.53)
where the singlet condition is used and the above expression (2.53) leads to (2.50) with an extra minus sign.
3 Let us describe the next A10 term of the higher spin 4 current in (2.14). One obtains
(∂Ja∂Ka)0|(v; 0) >= Ka0Ja0 |(v; 0) >= −Ka0Ka0 |(v; 0) >, (2.56)
where this (2.56) is equivalent to the previous relation (2.54) with an extra minus sign. We can also calculate
the eigenvalue equation for the A11 term
(∂2JaKa)0|(v; 0) >= Ka02Ja0 |(v; 0) >= −2Ka0Ka0 |(v; 0) > . (2.57)
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Let us consider A13 term of the higher spin 4 current in (2.14). One can easily see that
there exists the relation
fabcJa∂J bKc(z) = JaJ bJaKb(z)− JaJaJ bKb(z), (2.59)
by writing the derivative term as the commutator of normal ordered product. Then the zero
mode of this expression (2.59) is given by
(Kb0J
a
0J
b
0J
a
0 −Kb0J b0Ja0Ja0 )|(v; 0) >= −(Kb0Ka0Kb0Ka0 −Kb0Ka0Ka0Kb0)|(v; 0) > . (2.60)
Then this (2.60) becomes
− 1
2N
(−i)4Tr(T bT aT bT a − T bT aT aT b)|(v; 0) > . (2.61)
Furthermore, this (2.61) will reduce to
− 1
2N
(−i)4if bacTr(T bT aT c)|(v; 0) >= − 1
2N
(−i)4if bac 1
2
Tr(T bT aT c − T bT cT a)|(v; 0) > . (2.62)
One can use the identity (2.5) and obtains, together with (2.8),
− 1
2N
(−i)4if bac 1
2
2if bac =
1
2N
2(2N − 2)1
2
2N(2N − 1)→ 4N2. (2.63)
Let us focus on the A14 term. One has the relation
fabcJaKb∂Kc(z) = JaKbKaKb(z)− JaKbKbKa(z). (2.64)
The zero mode of (2.64) can be described as
(Kb0K
a
0K
b
0J
a
0 −Ka0Kb0Kb0Ja0 )|(v; 0) >= −(Kb0Ka0Kb0Ka0 −Ka0Kb0Kb0Ka0 )|(v; 0) > . (2.65)
Then this (2.65) becomes
− 1
2N
(−i)4Tr(T bT aT bT a − T aT bT bT a)|(v; 0) > . (2.66)
Furthermore, this (2.66) will reduce to
− 1
2N
(−i)4if bacTr(T cT bT a)|(v; 0) >, (2.67)
This (2.57) is equivalent to (2.55) with an extra minus sign.
One can continue to calculate the eigenvalue equation corresponding to A12 term as follows:
(Ja∂2Ka)0|(v; 0) >= 2Ka0Ja0 |(v; 0) >= −2Ka0Ka0 |(v; 0) > . (2.58)
Then this (2.58) is the same contribution from A11 term.
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by combining the first two generators. This (2.67) is equivalent to (2.62) and (2.63).
Are there any contributions from the A15-A20 terms? These coefficients behave as N
0, 1
N2
,
1
N
, N0, 1
N
and N0 respectively from Appendix (E.3). There are no contributions. Then one
obtains the final eigenvalue equation as follows:
W
(4)
0 |(v; 0) > =
[
8N3A1 − 8N3
(
4λ
(λ− 1)
)
A1 + 8N
3
(
12λ2
(λ− 1)(2λ− 3)
)
A1
− 8N3
(
8λ3
(λ− 3)(λ− 1)(2λ− 3)
)
A1 − 2N
(
N2
12(2λ− 9)
5(2λ− 3)
)
A1
− 4N
(
−N2 8(2λ− 9)
5(2λ− 3)
)
A1 + 2N
(
N248(λ− 2)λ
5(λ− 1)(2λ− 3)
)
A1
+ 4N
(
−N2 16(λ− 12)λ
5(λ− 1)(2λ− 3)
)
A1 + 4N
(
−N2 16λ (λ
2 + 15λ+ 6)
5(λ− 3)(λ− 1)(2λ− 3)
)
A1
+ 4N2
(
−N 24λ
(λ− 1)(2λ− 3)
)
A1 + 4N
2
(
N
48λ2
(λ− 3)(λ− 1)(2λ− 3)
)
A1
]
× |(v; 0) >= −N3
[
96(λ+ 1)(λ+ 2)(λ+ 3)
5(λ− 3)(λ− 1)(2λ− 3)
]
A1|(v; 0) > . (2.68)
The eigenvalue has a simple factorized form.
With the following normalization,
A1 = − 5
96N3
(λ− 3)(λ− 1)(2λ− 3), (2.69)
the two eigenvalue equations, (2.44) and (2.68), lead to
W
(4)
0 |(v; 0) > = (1 + λ)(2 + λ)(3 + λ)|(v; 0) >,
W
(4)
0 |(0; v) > = (1− λ)(2− λ)(3− λ)|(0; v) > . (2.70)
If one takes the overall normalization factor for the W (4)(z) as A4 rather than A1 as in (2.69),
then A4 becomes A4 = − 512N3λ3. In principle, one can calculate the OPE between W (4)(z)
and W (4)(w) from the explicit twenty terms in (2.14) although the complete computation of
the eighth order singular terms is rather involved for general (k2, N) manually. Then one
expects that the central term, the eighth order pole of the above OPE, is given by A24 f(λ,N)
where f(λ,N) is a (fractional) function of λ and N (after the large N limit is taken). That is,
our normalization is given by the central term of the OPE between the higher spin 4 current
and itself which behaves as 25
144N6
λ6 f(λ,N) where f(λ,N) is not known at the moment.
The above eigenvalues are also observed in [23] by following the descriptions in [28] where
the unitary case is analyzed.
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One of the primaries is given by (v; 0)⊗(v; 0) and the other primary is given by (0; v)⊗(0; v)
by pairing up identical representations on the holomorphic and antiholomorphic sectors in the
context of diagonal modular invariant [29]. Let us denote them as follows:
O+ = (v; 0)⊗ (v; 0), O− = (0; v)⊗ (0; v). (2.71)
The ratio of the three-point functions, from (2.70), is given by
< O+O+W (4) >
< O−O−W (4) > =
(1 + λ)(2 + λ)(3 + λ)
(1− λ)(2− λ)(3− λ) , (2.72)
in the notation of (2.71). This is the same form for the unitary case [20, 30]. In the corre-
sponding unitary bulk calculation of [29], for λ = 1
2
, this ratio for generic spin is given by
(−1)s(2s − 1) with spin s. One expects that the orthogonal bulk computation will give rise
to the behavior of (2.72).
2.3.3 Eigenvalue equation of the zero mode of the higher spin 4 current acting
on the state |(v; v) >
For the primary (v; v) with the condition Ja0 |(v; v) >= 0, one can calculate the eigenvalue
equation [8]. The nontrivial contributions arise from the A5, A8, and A9 terms. It turns out
that
W
(4)
0 |(v; v) > = −N2
48λ2(λ2 + 1)
5(λ− 3)(λ− 1)(2λ− 3)A1|(v; v) > . (2.73)
In (2.73), Appendix (E.3) is used.
2.3.4 Further eigenvalue equations
One also presents the eigenvalue equations [30] at finite N and k2, by using Appendix (E.1)
and Appendix (E.2), as follows:
W
(4)
0 |(0; v) > =
6A1
(3k2 + 2N − 2)d(1, k2, N)
× (32k32N4 − 64k32N2 + 96k32N − 55k32 + 160k22N5 − 168k22N4 − 268k22N3
+ 690k22N
2 − 617k22N + 203k22 + 128k2N6 − 64k2N5 − 680k2N4
+ 1548k2N
3 − 1726k2N2 + 987k2N − 220k2 + 256N6 − 1024N5
+ 1584N4 − 1384N3 + 900N2 − 382N + 68)|(0; v) >,
W
(4)
0 |(v; 0) > =
6(k2 + 2N − 1)(k2 + 4N − 3)(3k2 + 8N − 5)A1
k2(k2 + 2N − 2)(3k2 + 2N − 2)(3k2 + 4N − 4)d(1, k2, N)
× (32k32N4 − 64k32N2 + 96k32N − 55k32 + 224k22N5 − 120k22N4 − 500k22N3
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+ 1038k22N
2 − 907k22N + 292k22 + 384k2N6 − 64k2N5 − 1752k2N4
+ 3636k2N
3 − 3930k2N2 + 2213k2N − 487k2 + 1024N6 − 3328N5
+ 5184N4 − 5576N3 + 3976N2 − 1566N + 250)|(v; 0) > . (2.74)
Of course, these eigenvalue equations (2.74) becomes (2.44) and (2.68) respectively under the
large N ’t Hooft limit. Compared to the unitary case in [30], the above eigenvalues do not
have simple factorized form. This is because of the fact that the identities between f and d
symbols contain rather complicated functions of N .
For convenience, we also present the eigenvalue equations for the spin 2 stress energy
tensor (2.2) with k1 = 1
T0|(0; v) > = k2
2(k2 + 2N − 1) |(0; v) >→
(1− λ)
2
|(0; v) >,
T0|(v; 0) > = (k2 + 4N − 3)
2(k2 + 2N − 2) |(v; 0) >→
(1 + λ)
2
|(v; 0) > . (2.75)
Note that the conformal dimension of (0; v) can be obtained from the formula [4, 31, 32, 22, 8]
h(0; v) =
1
2
(2N − 1)
[
1
1 + (2N − 2) −
1
1 + k2 + (2N − 2)
]
=
k2
2(k2 + 2N − 1) , (2.76)
where the overall factor 1
2
(2N −1) is the quadratic Casimir of SO(2N) vector representation.
Similarly, the conformal dimension of (v; 0) can be obtained
h(v; 0) =
1
2
(2N − 1)
[
1
1 + (2N − 2) +
1
k2 + (2N − 2)
]
=
(k2 + 4N − 3)
2(k2 + 2N − 2) . (2.77)
Then the two results (2.76) and (2.77) are coincident with the ones in (2.75) 4.
4 Furthermore, one can write down the eigenvalue equation for the state |(v; v) >
T0|(v; v) > = (2N − 1)
2(k2 + 2N − 2)(k2 + 2N − 1) |(v; v) >→
λ2
4N
|(v; v) > . (2.78)
Note that under the large N ’t Hooft limit the eigenvalue (2.78) reduces to zero.
The conformal dimension of (v; v) can be obtained as follows:
h(v; v) =
1
2
(2N − 1)
[
1
k2 + (2N − 2) −
1
1 + k2 + (2N − 2)
]
=
(2N − 1)
2(k2 + 2N − 2)(k2 + 2N − 1) . (2.79)
This looks similar to the unitary case [28]: the overall factor is again the quadratic Casimir of SO(2N) in
vector representation. In the denominator one has (k2 + 2N − 2) and this quantity plus one. There exists a
relation together with (2.76), (2.77) and (2.79),
h(v; v) = h(0; v) + h(v; 0)− 1, (2.80)
which was also observed in [22]. The identity in (2.80) is checked from (2.75) and (2.78).
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2.4 The OPE between the higher spin 4 current and itself where
k1 = 1, N = 4 and k2 is arbitrary
Let us describe the OPE between the higher spin 4 current and itself. Because it is rather
involved to calculate this OPE manually, one fixes the value of N and then one can compute
this OPE inside the package of [27]. For fixed N = 4 which is the lowest value one can consider
nontrivially, one obtains the following fourth order pole of this OPE, by realizing that the
right structure constants should behave according to the known results [33], as follows:
W (4)(z)W (4)(w)
∣∣∣∣∣
1
(z−w)4
=
3
10
∂2T (w) +
42
(5c+ 22)
(
T 2 − 3
10
∂2T
)
(w) +
√
18(c + 24)
(5c + 22)
W (4)(w)
+ W (4
′)(w). (2.81)
Here the central charge reduces to
c(k1 = 1, k2, N = 4) =
4k2(k2 + 13)
(k2 + 6)(k2 + 7)
, (2.82)
which can be obtained from (2.4) by substituting the two values of k1 = 1 and N = 4. The
overall factor can be fixed as
A1(k1 = 1, k2, N = 4) =
k2
2520(k2 + 7)
√√√√ (k2 + 2)(k2 + 4)
3(k2 + 9)(k2 + 11)
, (2.83)
by comparing the coefficient of the first term in the right hand side of (2.81).
Let us emphasize that there exists a new primary field in (2.81) which is given by
W (4
′)(z)
∣∣∣∣∣
k1=1,k2,N=4
=
1
(k2 + 2)(k2 + 11)
[
− 1
9
dabcdJaJ bKcKd +
2
35
(k2 − 1)k2 ∂Ja∂Ja
− 4
105
(k2 − 1)k2 ∂2JaJa + 28
15
∂Ja∂Ka +
64
105
(k2 − 1) ∂2JaKa
− 4
35
(k2 − 1) fabcJa∂J bKc − 2
735
(k2 − 1)k2 JaJaJ bJ b − 68
315
JaJaKbKb
+
8
105
(k2 − 1) JaJaJ bKb − 28
45
JaJ bKaKb +
1
90
dabefdefcdJaJ bKcKd
]
(z). (2.84)
In other words, there exists a nonzero expression by combining the fourth order pole with the
first line of (2.81) with minus sign. Furthermore, one can express the various nonzero terms
as the one in (2.84). One can easily see that the ten operators except the last operator appear
in the previous higher spin 4 current in (2.14). It is straightforward to analyze the description
appearing in Appendix B and Appendix C for the last operator in (2.84).
Let us further restrict to the simplest case where one can see the full structure of the
corresponding OPE without losing any terms in the right hand side. In other words, in this
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particular limit where k2 →∞ corresponding to c = 4, the structure constants do not vanish.
That is, there is no (c− 4) factor in the right hand side of the OPE.
Then the higher spin 4 current can be written in terms of
W (4)(z)
∣∣∣∣∣
k1=1,k2→∞,N=4
=
1
2520
√
3
(
dabcdJaJ bJcJd + 18∂Ja∂Ja − 12 ∂2JaJa
− 3 JaJaJ bJ b
)
(z), (2.85)
by substituting N = 4 and k2 → ∞ limit in Appendix E. The normalization factor is
consistent with the general form in (2.83). The field contents in (2.85) are given in terms of
the numerator spin 1 current (having the level k1 = 1) of the coset model. Of course, the
stress energy tensor contains only the first term with k1 = 1 in (2.2) in this limit.
Then one can obtain the corresponding higher spin 4′ current from (2.84) by taking k2 →∞
limit and it turns out that
W (4
′)(z)
∣∣∣∣∣
k1=1,k2→∞,N=4
=
2
35
(
∂Ja∂Ja − 2
3
∂2JaJa − 1
21
JaJaJ bJ b
)
(z). (2.86)
In (2.86), there is no d symbol.
Now we can calculate the OPE between the higher spin 4 current (2.85) and itself as
follows:
W (4)(z) W (4)(w)
∣∣∣∣∣
k1=1,k2→∞,N=4
=
1
(z − w)8
c
4
+
1
(z − w)6 2 T (w) +
1
(z − w)5
1
2
2 ∂T (w)
+
1
(z − w)4
[
3
20
2 ∂2T +
42
(5c+ 22)
(
T 2 − 3
10
∂2T
)
+ C444W
(4)
]
(w)
+
1
(z − w)3
[
1
30
2 ∂3T +
1
2
42
(5c+ 22)
∂
(
T 2 − 3
10
∂2T
)
+
1
2
C444 ∂W
(4)
]
(w)
+
1
(z − w)2
[
1
168
2 ∂4T +
5
36
42
(5c+ 22)
∂2
(
T 2 − 3
10
∂2T
)
+
5
36
C444 ∂
2W (4)
+
24(72c+ 13)
(5c+ 22)(2c− 1)(7c+ 68)
(
T (T 2 − 3
10
∂2T )− 3
5
∂2TT +
1
70
∂4T
)
− (95c
2 + 1254c− 10904)
6(5c+ 22)(2c− 1)(7c+ 68)
(
1
2
∂2(T 2 − 3
10
∂2T )− 9
5
∂2TT +
3
70
∂4T
)
+
28
3(c+ 24)
C444
(
TW (4) − 1
6
∂2W (4)
)
+ C644W
(6)
]
(w)
+
1
(z − w)
[
1
1120
2 ∂5T +
1
36
42
(5c+ 22)
∂3
(
T 2 − 3
10
∂2T
)
+
1
36
C444 ∂
3W (4)
+
1
2
24(72c+ 13)
(5c+ 22)(2c− 1)(7c+ 68) ∂
(
T (T 2 − 3
10
∂2T )− 3
5
∂2TT +
1
70
∂4T
)
21
−1
2
(95c2 + 1254c− 10904)
6(5c+ 22)(2c− 1)(7c+ 68) ∂
(
1
2
∂2(T 2 − 3
10
∂2T )− 9
5
∂2TT +
3
70
∂4T
)
+
1
2
28
3(c+ 24)
C444 ∂
(
TW (4) − 1
6
∂2W (4)
)
+
1
2
C644 ∂W
(6)
]
(w)
+
1
(z − w)4 W
(4 ′)(w) +
1
(z − w)3
1
2
∂W (4
′)(w) +
1
(z − w)2
1
3
(
TW (4
′) − 1
6
∂2W (4
′)
)
(w)
+
1
(z − w)
1
2
1
3
∂
(
TW (4
′) − 1
6
∂2W (4
′)
)
(w) + · · · . (2.87)
Here the central charge coming from (2.82) is given by
c(k1 = 1, k2 →∞, N = 4) = 4, (2.88)
from (2.4) by substituting the right numbers. Moreover the two structure constants are given
by
C444 =
√√√√18(c+ 24)
(5c+ 22)
, C644 =
√√√√12(c− 1)(11c+ 656)
(2c− 1)(7c+ 68) , (2.89)
together with (2.88). Note that there are extra two last lines in (2.87) associated with the
new primary higher spin 4′ current, compared to the previous result in [33]. The expression
in (2.89) already appeared in [34, 35, 33].
2.5 Next higher spin currents
In the second order pole of (2.87), there exists a primary higher spin 6 current. One can
imagine the six product of spin 1 current with correct contractions of SO(2N) indices.
Let us consider the higher spin 4 current W (4)(z) which contains dabcdJaJ bJcJd(z) and the
same higher spin 4 current which contains dd
′efgJd
′
JeJfJg(z). Then one has the second
order pole of this OPE, dabcddd
′efgδdd
′
JaJ bJcJeJfJg(w), by considering the singular term be-
tween Jd(z) and Jd
′
(w). This gives rise to the term of dabcdddefgJaJ bJcJeJfJg(w). Then
one expects that the higher spin 6 current contains this term and is given by W (6)(z) =
dabcdddefgJaJ bJcJeJfJg(z) + · · ·. According to the description of [16, 17], the tensorial struc-
ture of SO(2N) symmetric invariant tensor of rank 6 can be determined by the product of
two rank 4 d symbols. Therefore the above expression can be rewritten in terms of d tensor of
rank 6 and one should have W (6)(z) = dabcefgJaJ bJcJeJfJg(z) + · · ·. It would be interesting
to observe the full expression for the higher spin 6 current.
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3 Higher spin currents with N = 1 supersymmetry in
the stringy coset model with two levels (2N − 2, k2)
In the presence of adjoint fermions coming from the equality of one of the levels and the
dual Coxeter number of SO(2N), one can construct the higher spin 7
2
current which is the
superpartner of the previous higher spin 4 current. In doing this, the role of spin 3
2
current
living in the N = 1 superconformal algebra is crucial. The OPE between this N = 1 lowest
higher spin multiplet denoted by (7
2
, 4) is described using the Jacobi identities.
3.1 Spin 32 , 2 currents and N = 1 superconformal algebra
The spin 3
2
current can be obtained from the spin 1
2
current and spin 1 current as follows
[15, 6]:
G(z) =
√√√√ 4(N − 1)
(2N − 2 + k2)(4N − 4 + k2)
(
k2
6(N − 1) ψ
aJa − ψaKa
)
(z). (3.1)
Here one has
ψa(z)ψb(w) = − 1
(z − w)
1
2
δab + · · · . (3.2)
Furthermore, we can express the spin 1 current from the above spin 1
2
current satisfying (3.2)
as
Ja(z) ≡ fabcψbψc(z). (3.3)
It is easy to check this spin 1 current satisfies the first equation of (2.3) with k1 = (2N − 2).
Then it is easy to see that there are only two terms in (3.1) and the relative coefficients
can be fixed by using the above spin 3
2
current should transform as a primary field under the
stress energy tensor (2.2) with k1 = (2N − 2) as follows:
T (z)G(w) =
1
(z − w)2
3
2
G(w) +
1
(z − w) ∂G(w) + · · · . (3.4)
In other words, the condition (3.4) determines the relative coefficients of (3.1).
The overall factor in (3.1) can be determined by the following OPE between the spin 3
2
current and itself
G(z)G(w) =
1
(z − w)3
2c
3
+
1
(z − w) 2T (w) + · · · . (3.5)
Here the central charge in (3.5) is given by (2.4) with the condition k1 = (2N − 2).
23
It is useful to write down the following OPEs which will be used in later calculations
Gˆ(z)ψa(w) =
1
(z − w)
1
2
[
− k2
2(N − 1)J
a +Ka
]
(w) + · · · ,
Gˆ(z) Ja(w) = − 1
(z − w)2 k2ψ
a(w) +
1
(z − w)
[
− k2∂ψa − fabcψbKc
]
(w) + · · · ,
Gˆ(z)Ka(w) =
1
(z − w)2 k2ψ
a(w) +
1
(z − w)
[
k2∂ψ
a + fabcψbKc
]
(w) + · · · , (3.6)
where we introduce the following quantity
Gˆ(z) ≡
(
k2
6(N − 1) ψ
aJa − ψaKa
)
(z). (3.7)
Compared to the unitary case [36, 37, 38], the behavior of relative coefficient, which is equal
to one over three times the level divided by dual Coxeter number, occurs in (3.7). See also
[6, 15].
3.2 Eigenvalue equation of the zero mode of the higher spin 4 cur-
rent
We also present the eigenvalue equations for the spin 2 stress energy tensor (2.2) with k1 =
(2N − 2)
T0|(0; v) > = k2(2N − 1)
8(N − 1)(k2 + 4N − 4) |(0; v) >→
(1− λ)
4(1 + λ)
|(0; v) >,
T0|(v; 0) > = (2N − 1)(k2 + 6N − 6)
8(N − 1)(k2 + 2N − 2) |(v; 0) >→
(1 + 2λ)
4
|(v; 0) > . (3.8)
In (3.8), the large N ’t Hooft limit is taken at the final stage. Note that the conformal
dimension of (0; v) can be obtained from the formula
h(0; v) =
1
2
(2N − 1)
[
1
(2N − 2) + (2N − 2) −
1
(2N − 2) + k2 + (2N − 2)
]
=
k2(2N − 1)
8(N − 1)(k2 + 4N − 4) , (3.9)
where the overall factor 1
2
(2N −1) is the quadratic Casimir of SO(2N) vector representation.
Similarly, the conformal dimension of (v; 0) can be obtained 5
h(v; 0) =
1
2
(2N − 1)
[
1
(2N − 2) + (2N − 2) +
1
k2 + (2N − 2)
]
5 Moreover, the eigenvalue equation for the state |(v; v) > can be obtained as follows:
T0|(v; v) > = (N − 1)(2N − 1)
(k2 + 2N − 2)(k2 + 4N − 4) |(v; v) >→
λ2
2(λ+ 1)
|(v; v) > . (3.10)
=
(2N − 1)(k2 + 6N − 6)
8(N − 1)(k2 + 2N − 2) . (3.13)
As done in section 2, one obtains the following eigenvalue equations
W
(4)
0 |(0; v) > = −N3
[
48
(2λ− 3)
]
A1|(0; v) >,
W
(4)
0 |(v; 0) > = −N3
[
48(λ+ 1)2(2λ+ 1)(4λ+ 3)
(λ− 3)(λ− 1)(2λ− 3)
]
A1|(v; 0) >,
W
(4)
0 |(v; v) > = −N3
[
96λ2 (4λ2 + λ+ 1)
(λ− 3)(λ− 1)(2λ− 3)
]
A1|(v; v) > . (3.14)
Using these relations (3.14), one can obtain the several three-point functions. The relevant
coefficients are given in Appendix (F.3).
3.3 Higher spin 72 , 4 currents
One way to determine the higher spin 7
2
current is to use the OPE between the spin 3
2
current
and the higher spin 4 current in previous section. Note that the corresponding coefficients at
the critical level k1 = (2N − 2) are given in Appendix F . In other words, from the N = 1
super primary condition [36, 37], one should have
Gˆ(z)W (4)(w)
∣∣∣∣∣
1
(z−w)2
=
1
(z − w)2 7
√√√√(2N − 2 + k2)(4N − 4 + k2)
4(N − 1) W
( 7
2
)(w)
+ O( 1
(z − w)). (3.15)
In order to calculate the second order pole of (3.15), one can use the three OPEs in (3.6).
The explicit results are given in Appendix G. Of course, this will give us the final higher spin
7
2
current but it is rather nontrivial to simplify in simple form. Therefore, after we identify
The conformal dimension of (v; v) in (3.10) can be also obtained as follows:
h(v; v) =
1
2
(2N − 1)
[
1
k2 + (2N − 2) −
1
(2N − 2) + k2 + (2N − 2)
]
=
(N − 1)(2N − 1)
(k2 + 2N − 2)(k2 + 4N − 4) . (3.11)
There exists a relation together with (3.9), (3.13) and (3.11),
h(v; v) = h(0; v) + h(v; 0)− (2N − 1)
4(N − 1) . (3.12)
Here the last term in (3.12) is the ratio of quadratic Casimir for the vector representation and dual Coxeter
number of SO(2N).
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the correct field contents for fixed N = 4, introduce the undetermined coefficients and fix
them using the previous methods we used in previous section. That is, the higher spin 7
2
current should not have any singular terms with the diagonal spin 1 current and transform
as a primary higher spin current under the stress energy tensor.
Then one can express the higher spin 7
2
current as follows [18, 19, 6]:
W (
7
2
)(z) = B1 d
abcdψaJ bJcJd(z) +B2 d
abcdfaeff begJcJdψfKg(z) +B3 d
abcdJaKbψcKd(z)
+ B4 d
abcdfaeff begKcKdψfKg(z) +B5 J
aψaJ bJ b(z) +B6K
aKaψbKb(z)
+ B7 J
aJaψbKb(z) +B8 J
aJaψbJ b(z) +B9 ψ
aKaKbKb(z)
+ B10 f
abcf cdeKaKeψbKd(z) +B11 J
aψaKbKb(z) +B12 ψ
aJ bKaKb(z)
+ B13 J
aJ bψaKb(z) +B14 f
abcf cdeJaJeψbKd(z) +B15 J
aJ bKaψb(z)
+ X(k2, N)(GT − 1
8
∂2G)(z). (3.16)
The B7 term can be written as (ψ
aJ bJ bKa−2fabcψa∂J bKc− (2N −2)∂2ψaKa)(z) by moving
the field ψb to the left. Similarly, the B8 term can be described as (ψ
aJaJ bJ b + (2N −
2)∂2ψaJa−(2N−2)ψa∂2Ja+2(2N−2)∂ψa∂Ja)(z). For the B13 term one obtains (ψaJ bJaKb+
(2N − 2)∂2ψaKa)(z). For the B14 term one can write down (3(2N − 2)fabcψa∂J bKc + (2N −
2)2∂2ψaKa)(z). For the B15 term, one has (ψ
aJ bJaKb+fabcψa∂J bKc)(z) by moving ψb to the
left. Furthermore, the B2 term and the B4 term can be simplified using the identity (2.10).
For the remaining other terms, the fermion ψa can be moved to the leftmost without any
extra terms because of the properties of f and d symbols. The B5, B6, B7, B11, B12, and B13
terms can be seen from GT (z). The B8, B9, and B15 terms are written in terms of B5, B6,
and B13 terms plus derivative terms respectively.
Note that the last term in (3.16) is a quasiprimary field in the sense that the OPE between
the stress energy tensor and this field does not contain the third order pole. We realize that
this term does not appear for the particular N = 4 case.
We would like to determine the undetermined coefficients B1-B15 and X(k2, N) in (3.16).
As done in (2.15), one should have the regular condition as follows:
J ′a(z)W (
7
2
)(w) = + · · · . (3.17)
In Appendix H , we present the OPEs between the diagonal spin 1 current and the 15 fields
in (3.16). Moreover, the higher spin 7
2
current transforms as a primary field under the stress
energy tensor. In other words, one has
Tˆ (z)W (
7
2
)(w)
∣∣∣∣∣
1
(z−w)n
,n=3,4,5
= 0, (3.18)
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as in (2.23). One obtains the corresponding OPEs in Appendix I.
By solving the various linear equations on the coefficients satisfying the above requirements
(3.17) and (3.18), one obtains the final coefficients in Appendix J . There are in Appendix
(J.1), Appendix (J.2) and Appendix (J.3).
For consistency check, one can calculate the OPE between Gˆ(z) and W (
7
2
)(w). The first
order pole should behave as
√
(2N−2+k2)(4N−4+k2)
4(N−1)
W (4)(w). In doing this, the OPEs in (3.6)
are crucial. In order to see the presence of higher spin 4, the rearrangement of the normal
ordered product should be taken because the above first order pole terms contain unwanted
terms. Of course, we do not have to worry about the extra contractions in the OPEs because
we are interested in the first order pole as described above.
3.4 The OPEs between the higher spin 72 , 4 currents
It is natural to ask how the OPEs between the higher spin 7
2
current and the higher spin 4
current arise. They have rather long expressions for N = 4 case.
Therefore, one tries to obtain the corresponding OPEs from the Jacobi identities for the
above higher spin currents and other relevant higher spin currents. We will consider only
the three OPEs, W (
7
2
)(z)W (
7
2
)(w), W (
7
2
)(z)W (4)(w) and W (4)(z)W (4)(w). What kind of new
primary higher spin currents are present in the right hand side of OPEs? From the OPEs
of W (
7
2
)(z)W (4)(w) or W (4)(z)W (
7
2
)(w), one can think of the presence of new higher spin 13
2
current at the first order pole. Furthermore, from the OPE W (4)(z)W (4)(w), the new higher
spin 6 current can appear in the second order pole of this OPE. Note that there is no new
higher spin 7 current in the first order pole. The reason is as follows. One can calculate the
OPE W (4)(w)W (4)(z) in the presence of the new higher spin 7 current at the first order pole,
use the symmetry z ↔ w and end up with the OPE W (4)(z)W (4)(w). By focusing on the
new higher spin 7 current, one realizes that there exists an extra minus sign. Therefore, the
new higher spin 7 current should vanish.
Then one can assign the above two higher spin currents as one single N = 1 higher
spin current, denoted by (6′, 13
2
) where the numbers stand for each spin. From the OPE in
W (4)(z)W (4)(w), the second order pole provides a new higher spin 6 current. Then one can
think of N = 1 higher spin current denoted by (11
2
, 6). Furthermore, from the bosonic higher
spin 4′ current in previous section, one can introduce its superpartner whose spin is given by
9
2
. The corresponding N = 1 higher spin current is characterized by (4′, 9
2
) via above notation.
For N = 4, one can calculate the OPE in W (
7
2
)(z)W (
7
2
)(w). By requiring that the seventh
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order pole should be equal to 2c
7
, one can determine the coefficient A1 as
A1(k1 = 6, k2, N = 4) =
k2
5040(k2 + 12)
√√√√ (k2 + 2)(k2 + 4)
6(k2 + 6)(k2 + 12)(k2 + 14)(k2 + 16)
. (3.19)
The fifth order pole gives 2T (w) and the fourth order pole gives ∂T (w). Similar behaviors
arise in (2.87). Let us describe the third order pole. One can easily check that the following
quantity together with (3.19),
1
(4c+ 21)(10c− 7)
[
8(37c+ 3)TT + 3(2c− 117)∂GG− 3
10
(302c− 327)∂2T
]
(w), (3.20)
is a quasiprimary field. The third order pole subtracted by both (3.20) and 3
10
∂2T (w) (which
is a descendant field) is a primary field. However this is not written in terms of the previous
higher spin 4 current. This implies that there exists a new primary higher spin 4′ current. The
structure constants appearing in (3.20) are obtained from the Jacobi identities. Because we
are dealing with the extensions of N = 1 superconformal algebra, the ∂GG(w) term appears
in addition to TT (w) and ∂2T (w).
By assuming that the N = 1 OPE between the N = 1 higher spin 7
2
multiplet contains
the N = 1 higher spin 4′, 11
2
, 6′ multiplets, one obtains the complete structure of these OPEs
in component approach (and N = 1 superspace). They are given in Appendix K in terms
of the central charge and some undetermined structure constants. It would be interesting to
see whether there exist other additional higher spin currents or not. See also the work in [39]
where the Jacobi identities are used.
3.5 The OPE in the N = 1 superspace
From the three OPEs in component approaches described in Appendix K, one summarizes
its N = 1 superspace in simple notation as follows:
[
W(
7
2
) ·W( 72 )
]
= [I] +
[
W(
7
2
)
]
+
[
W(4
′)
]
+
[
W(
11
2
)
]
+
[
W(6
′)
]
, (3.21)
where [I] appearing in (3.21) is the N = 1 superconformal family of the identity operator.
According to the field contents in [40] where k2 is fixed as k2 = 1, the above OPE should not
contain the N = 1 higher spin integer multiplets. See also [41]. The right-hand side should
contain the first, the second and the fourth terms. It would be interesting to observe this
behavior explicitly. First of all, the single higher spin 4 current should exist by combining the
previous two kinds of higher spin 4 currents under the constraint k2 = 1.
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4 Higher spin currents with N = 2 supersymmetry in
the stringy coset model with two levels (2N−2, 2N−2)
The additional adjoint fermions allow us to construct the spin 1, 3
2
currents in the N = 2
superconformal algebra. Furthermore, the additional higher spin 3, 7
2
currents can be found
explicitly along the line of [42]. The lowest higher spin 3 current of U(1) charge 4
3
is obtained
and it can be written in terms of two adjoint fermions. There exists another N = 2 higher
spin multiplet which consists of the above same spin contents, (3, 7
2
, 7
2
, 4) with different U(1)
charges. Finally, the OPE between these two N = 2 higher spin multiplets is described.
4.1 Spin 1, 32 ,
3
2, 2 currents and N = 2 superconformal algebra
Let us introduce the second adjoint fermions which satisfy the following OPE
χa(z)χb(w) = − 1
(z − w)
1
2
δab + · · · . (4.1)
It is easy to see that one can express the spin 1 current from the above spin 1
2
current with
(4.1) as
Ka(z) ≡ fabcχbχc(z). (4.2)
This spin 1 current satisfies the second equation of (2.3) with k2 = (2N − 2).
Then it is straightforward to construct the four generating currents, denoted by (1, 3
2
, 3
2
, 2),
corresponding to the N = 2 superconformal algebra as follows [43]:
J(z) =
2
3
i ψaχa(z),
G+(z) = − 1
6
√
3(2N − 2)
[
ψaJa − 3ψaKa − i χaKa + 3 i χaJa
]
(z),
G−(z) = − 1
6
√
3(2N − 2)
[
ψaJa − 3ψaKa + i χaKa − 3 i χaJa
]
(z), (4.3)
T (z) = − 1
4(2N − 2) J
aJa(z)− 1
4(2N − 2) K
aKa(z) +
1
6(2N − 2)(J
a +Ka)(Ja +Ka)(z).
By realizing that the difference between G+(z) and G−(z) occurs in the third and fourth
terms, under the χa(z)→ −χa(z), one sees the relation G+(z)↔ G−(z).
Let us introduce the following spin 1 current by taking the product of two adjoint fermions
La ≡ fabcψbχc. (4.4)
The central charge can be reduced to
c =
1
3
N(2N − 1), (4.5)
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which can be obtained from (2.4) by substituting the corresponding two levels. In order to
construct the higher spin currents, let us introduce the following intermediate spin 2 current
Ma1 ≡ dabcdψbχcJd,
Ma2 ≡ dabcdψbχcKd,
Ma3 ≡ dabcdψbχcLd, (4.6)
together with (3.3), (4.2) and (4.4). Compared to the unitary case in [44], the contracted
indices appear in the two different adjoint fermions (because of the symmetric d tensor) as
well as the spin 1 currents.
4.2 Higher spin 3, 72 ,
7
2, 4 currents
From the experience of section 2 and section 3, there exist the higher spin 4 current and the
N = 1 higher spin 7
2
current denoted by (7
2
, 4), then there are two choices where the above
N = 1 higher spin 7
2
multiplet can arise from the lower two component currents or higher two
component currents. Let us try to find the higher spin currents by taking the second choice.
By writing the possible candidate terms for the higher spin 3 current, one can think of the
product of spin 1 currents (3.3), (4.2) or (4.4) and the intermediate spin 2 currents in (4.6).
Furthermore, one can think of the product of each component field in the spin 3
2
currents
living in the N = 2 superconformal algebra. Of course, one should consider the possible
derivative terms. Therefore, one can consider the following higher spin 3 current [6]
W
(3)
4
3
(z) = a1 J
aMa1 (z) + a2K
aMa1 (z) + a3 L
aMa1 (z) + a4 J
aMa2 (z) + a5K
aMa2 (z) + a6 L
aMa2 (z)
+ a7 J
aMa3 (z) + a8K
aMa3 (z) + a9 L
aMa3 (z) + a10 J
a∂Ja(z) + a11 J
a∂Ka(z)
+ a12 J
a∂La(z) + a13 ∂J
aKa(z) + a14K
a∂Ka(z) + a15K
a∂La(z) + a16 ∂J
aLa(z)
+ a17 ∂K
aLa(z) + a18 L
a∂La(z) + a19 (ψ
aJa)(ψbJb)(z) + a20 (ψ
aJa)(ψbKb)(z)
+ a21 (ψ
aJa)(χbJb)(z) + a22 (ψ
aJa)(χbKb)(z) + a23 (ψ
aKa)(ψbKb)(z)
+ a24 (ψ
aKa)(χbJb)(z) + a25 (ψ
aKa)(χbKb)(z) + a26 (χ
aJa)(χbJb)(z)
+ a27 (χ
aJa)(χbKb)(z) + a28 (χ
aKa)(χbKb)(z). (4.7)
The U(1) charge 4
3
will be determined later.
As done in previous sections, one can use two requirements in order to fix the above
coefficients. One of them is the regularity with the diagonal spin 1 current as follows:
J ′a(z)W
(3)
4
3
(w) = + · · · . (4.8)
Here the diagonal spin 1 current in (4.8) is the sum of (3.3) and (4.2). The other is given by
the primary condition, which can be described as follows together with (4.7):
Tˆ (z)W
(3)
4
3
(w)
∣∣∣∣∣
1
(z−w)n
,n=3,4,5
= 0. (4.9)
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Here the stress energy tensor is given by (2.24) substituted by (3.3) and (4.2).
It turns out, from (4.8) and (4.9), that the above higher spin 3 current with the explicit
coefficients is given by
W
(3)
4
3
(z) =
[
− i
4
(a7 − a8) JaMa1 +
i
2
(a7 − a8)KaMa1 − a8 LaMa1 −
i
4
(a7 − a8)KaMa2
− a7 LaMa2 + a7 JaMa3 + a8KaMa3 + i(a7 − a8)LaMa3
+
3i
4
(a7 − a8) Ja∂La + 3i
4
(a7 − a8)Ka∂La + 3i
4
(a7 − a8) ∂JaLa
+
3i
4
(a7 − a8) ∂KaLa + (−a7 + a8) (ψaJa)(ψbKb) + i
2
(a7 − a8) (ψaJa)(χbJ b)
− i
2
(a7 − a8) (ψaJa)(χbKb) + 3i
2
(a7 − a8) (ψaKa)(χbJ b)
+
i
2
(a7 − a8) (ψaKa)(χbKb) + (a7 − a8) (χaJa)(χbKb)
]
(z). (4.10)
Note that there exist also a4, a11, a14, a20, a24, and a28 dependent terms (other coefficients
depend on these six coefficients and a7 and a8 after the above two conditions are used) but
they are identically zero respectively. From the definitions of (4.6), the first eight terms in
(4.10) contain the rank 4 d symbol. One can see the common nonderivative expression in
the third term and sixth term and then one can combine them with coefficient (a7 − a8).
Similarly, the fifth term and the seventh term share the common nonderivative term with
the coefficient −(a7 − a8). Furthermore, the composite fields appearing in (4.10) contain the
various derivative terms (it is obvious that the ninth-twelfth terms do have the derivative
terms and also they can appear from the ordering for the composite fields) but the precise
coefficients will lead to the vanishing of these derivative terms.
For the extended N = 2 superconformal algebra, there is one additonal condition for the
higher spin current which is the U(1) charge (i.e., the coefficient of the first order pole of the
OPE with the spin 1 current). That is [44],
J(z)W (3)q (w) =
1
(z − w) qW
(3)
q (w) + · · · . (4.11)
It turns out that the U(1) charge is fixed and for q = 4
3
, there is a relation a12 =
3i
4
(a7 − a8).
This relation is used in (4.10). For q = −4
3
, there is a relation a12 = −3i4 (a7 − a8). It is
useful to express the above higher spin 3 current in manifestly U(1) charge symmetric way.
Let us focus on the first term in (4.10). If one substitutes the definition of Ma1 in (4.6),
one has fabcψbψcdadefψdχeJf(w) where Ja is replaced by the fermions. One substitutes for
the Jf using the relation (3.3) and obtains fabcdadeff fghψbψcψdχeψgψh(z). Now move the
composite field ψdχe to the right. One obtains fabcdadeff fghψbψcψgψhψdχe(z) which can
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be written in terms of i
2
fabcdadeff fghψbψcψgψh(ψd + iχd)(ψe − iχe)(z) from the symmetric
property of dadef . Then the overall factor is given by 1
8
(a7 − a8) by considering the numer-
ical factor − i
4
(a7 − a8) 6. Let us describe the eighth term which is the last term which
contains the d symbol. So one has fabcdadeff fghψbχcψgχhψdχe(z) which can be identified
with − i
2
fabcdadeff fghψbiχcψgiχh(ψd + iχd)(ψe − iχe)(z). By multiplying the overall factor
i(a7−a8), one obtains 12(a7−a8)fabcdadeff fghψbiχcψgiχh(ψd+ iχd)(ψe− iχe)(z). This can be
further rewritten in terms of 1
8
(a7−a8)fabcdadeff fgh(ψbiχcψgiχh+ψbiχciχgψh+ iχbψcψgiχh+
ψbiχciχgψh)(ψd+ iχd)(ψe− iχe)(z). Finally, one can summarize the first eight terms in (4.10)
are given by 1
8
(a7 − a8)dabcdfaeff bgh(ψe + iχe)(ψf + iχf )(ψg + iχg)(ψh + iχh)(ψc + iχc)(ψd −
iχd)(z).
Now we are considering the last six terms in (4.10). The first term is given by −(a7 −
a8)f
acdψaψcψdf befψbχeχf (z). This can be rewritten as −1
4
(a7− a8)(facdψaψcψdf befψbχeχf +
3facdψaiχciχdf befψbψeψf )(z) where we use the fact that there exists a minus sign when the
first three factors ψaiχciχd move to the right. Therefore, there should an overall factor 1
4
. One
can analyze the other four terms7. Finally, one can summarize the last six terms in (4.10) are
given by −1
4
(a7− a8)fabcf def (ψa + iχa)(ψb + iχb)(ψc + iχc)(ψd + iχd)(ψe+ iχe)(ψf − iχf)(z).
By putting (a7−a8) = 1, one obtains the following higher spin 3 current with U(1) charge
4
3
as follows:
W
(3)
4
3
(z) =
1
8
dabcdfaeff bgh(ψe + iχe)(ψf + iχf )(ψg + iχg)(ψh + iχh)(ψc + iχc)(ψd − iχd)(z)
− 1
4
fabcfdef (ψa + iχa)(ψb + iχb)(ψc + iχc)(ψd + iχd)(ψe + iχe)(ψf − iχf )(z). (4.13)
One can calculate the U(1) charges for the adjoint fermions with (4.3) as follows:
J(z) (ψa + iχa)(w) =
1
(z − w)
1
3
(ψa + iχa)(w) + · · · ,
J(z) (ψa − iχa)(w) = 1
(z − w) (−1)
1
3
(ψa − iχa)(w) + · · · . (4.14)
6 Similarly, the second term can be analyzed also. The relevant term can be written in terms of
fabcdadefffghχbχcψdχeψgψh(z) which can be also expressed as fabcdadefffghχbχcψgψhψdχe(z). Once again
this can be described as − i
2
fabcdadefffghiχbiχcψgψh(ψd + iχd)(ψe − iχe)(z) as done before. The overall
factor of the second term is given by i
2
(a7 − a8). Then the total overall factor gives 14 (a7 − a8). Intentionally,
we rewrite the above as 1
8
(a7− a8)fabcdadefffgh(iχbiχcψgψh+ iψbiψcχgχh)(ψd + iχd)(ψe− iχe)(z) using the
property of d symbol. One can analyze the other terms up to the seventh term.
7 Let us describe the last term, which is given by −(a7 − a8)facdiχaψcψdf bef iχbχeχf (z). As above, this
can be written as − 1
4
(a7 − a8)(3facdiχaψcψdf bef iχbχeχf − facdiχaχcχdf bef iχbψeψf )(z).
There are also identities as follows:
fabcψaψbψcfdefψdψeψf = 0, fabcψaχbχcfdefψdχeχf = 0,
fabcχaψbψcfdefχdψeψf = 0, fabcχaχbχcfdefχdχeχf = 0. (4.12)
As explained before, this (4.12) can be checked by moving the first three fermions to the right and there exists
a minus sign.
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Then it is obvious that the above higher spin 3 current (4.13) has U(1) charge 4
3
: there exist
five factors with U(1) charge 1
3
and one factor with U(1) charge −1
3
according to (4.14).
For the unitary case [44], one sees the factor faeff bgh(ψe + iχe)(ψf + iχf )(ψg + iχg)(ψh +
iχh) and the other factor is given by dabcf chi(ψh − iχh)(ψi − iχi) of U(1) charge −2
3
in the
nonderivative terms. However, the orthogonal case contains the different factor dabcd(ψc +
iχc)(ψd − iχd) of U(1) charge 0 in (4.13).
In order to obtain the other higher spin currents, it is useful to calculate the following
OPEs,
G+(z) (ψa + iχa)(w) = + · · · ,
G+(z) (ψa − iχa)(w) = 1
(z − w)
1
2
√
3(2N − 2)f
abc(ψb + iχb)(ψc + iχc)(w) + · · · ,
G−(z) (ψa − iχa)(w) = + · · · ,
G−(z) (ψa + iχa)(w) =
1
(z − w)
1
2
√
3(2N − 2)f
abc(ψb − iχb)(ψc − iχc)(w) + · · · . (4.15)
We will use this property to calculate the OPEs for the particular singular terms. One sees
the U(1) charge conservation in (4.15).
How does one determine other higher spin currents related to the lowest one? Let us recall
that the following OPE [44, 45, 46]
G+(z)W
(3)
4
3
(w) = − 1
(z − w)W
( 7
2
)
7
3
(w) + · · · . (4.16)
Here the higher spin current appears in the first order pole. Once we have obtained the first
order pole in the above OPE, then we obtain the higher spin current. See also the relevant
work in [47]. Because the lowest higher spin 3 current is written in terms of adjoint fermions,
it is better to calculate the OPE between G+(z) and fermions appearing in (4.13). According
to the observations of (4.15), the spin 3
2
current G+(z) has nontrivial OPE with spin 1
2
current
of U(1) charge −1
3
while the spin 3
2
current G−(z) has nontrivial OPE with spin 1
2
current of
U(1) charge 1
3
. Then it is obvious that when one calculates the left hand side of (4.16), the
only nontrivial singular terms appear at the location of the last factors, (ψd − iχd)(w) and
(ψf − iχf)(w) in (4.13). This leads to the following higher spin 7
2
current of U(1) charge 7
3
W
( 7
2
)
7
3
(z) =
1
2
√
3(2N − 2)
[
1
8
dabcdfaeff bghf dij
× (ψe + iχe)(ψf + iχf )(ψg + iχg)(ψh + iχh)(ψc + iχc)(ψi + iχi)(ψj + iχj)
− 1
4
fabcf deff fgh (4.17)
× (ψa + iχa)(ψb + iχb)(ψc + iχc)(ψd + iχd)(ψe + iχe)(ψg + iχg)(ψh + iχh)
]
(z).
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In (4.17), the N dependence appears in the overall factor rather than the relative coefficients.
One easily sees that the above two expressions preserve U(1) charge by counting the U(1)
charge at each factor. In other words, each factor has U(1) charge of 1
3
.
From the OPE [44]
G−(z)W
(3)
4
3
(w) =
1
(z − w)W
( 7
2
)
1
3
(w) + · · · , (4.18)
one can obtain the other higher spin 7
2
current of U(1) charge 1
3
. It turns out, from the first
order pole of (4.18), that
W
( 7
2
)
1
3
(z) =
1
2
√
3(2N − 2)
1
8
dabcdfaeff bgh
[
+ f eij
(
(ψi − iχi)(ψj − iχj)
)
(ψf + iχf )(ψg + iχg)(ψh + iχh)(ψc + iχc)(ψd − iχd)
− f fij(ψe + iχe)
(
(ψi − iχi)(ψj − iχj)
)
(ψg + iχg)(ψh + iχh)(ψc + iχc)(ψd − iχd)
+ f gij(ψe + iχe)(ψf + iχf )
(
(ψi − iχi)(ψj − iχj)
)
(ψh + iχh)(ψc + iχc)(ψd − iχd)
− fhij(ψe + iχe)(ψf + iχf )(ψg + iχg)
(
(ψi − iχi)(ψj − iχj)
)
(ψc + iχc)(ψd − iχd)
+ f cij(ψe + iχe)(ψf + iχf )(ψg + iχg)(ψh + iχh)
(
(ψi − iχi)(ψj − iχj)
)
(ψd − iχd)
]
(z)
− 1
2
√
3(2N − 2)
1
4
fabcfdef
[
(4.19)
+ faij
(
(ψi − iχi)(ψj − iχj)
)
(ψb + iχb)(ψc + iχc)(ψd + iχd)(ψe + iχe)(ψf − iχf )
− f bij(ψa + iχa)
(
(ψi − iχi)(ψj − iχj)
)
(ψc + iχc)(ψd + iχd)(ψe + iχe)(ψf − iχf )
+ f cij(ψa + iχa)(ψb + iχb)
(
(ψi − iχi)(ψj − iχj)
)
(ψd + iχd)(ψe + iχe)(ψf − iχf )
− fdij(ψa + iχa)(ψb + iχb)(ψc + iχc)
(
(ψi − iχi)(ψj − iχj)
)
(ψe + iχe)(ψf − iχf )
+ f eij(ψa + iχa)(ψb + iχb)(ψc + iχc)(ψd + iχd)
(
(ψi − iχi)(ψj − iχj)
)
(ψf − iχf )
]
(z).
From (4.15), the OPE between G−(z) and (ψa − iχa)(w) does not have any singular terms
and the contribution from this OPE in (4.19) vanishes. Note that the big bracket stands for
the normal ordered product [18, 19]. Of course, one can move those factors to the right in
order to simplify further. Each term has the U(1) charge 1
3
because there are four factors for
the U(1) charge 1
3
and three factors for the U(1) charge −1
3
. Totally one has 1
3
U(1) charge.
From the relation [44],
G−(z)W
( 7
2
)
7
3
(w) =
1
(z − w)2 (−1)
7
3
W
(3)
4
3
(w) +
1
(z − w)
[
W
(4)
4
3
− 1
2
∂W
(3)
4
3
]
(w) + · · · , (4.20)
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one obtains, by calculating the left hand side of (4.20) with (4.3) and (4.17) and reading off
the first order pole,
(W
(4)
4
3
− 1
2
∂W
(3)
4
3
)(z) =
1
2
√
3(2N − 2)
1
8
dabcdfaeff bghfdij[
+f ekl
(
(ψk − iχk)(ψl − iχl)
)
(ψf + iχf )(ψg + iχg)(ψh + iχh)(ψc + iχc)(ψi + iχi)(ψj + iχj)
−f fkl(ψe + iχe)
(
(ψk − iχk)(ψl − iχl)
)
(ψg + iχg)(ψh + iχh)(ψc + iχc)(ψi + iχi)(ψj + iχj)
+f gkl(ψe + iχe)(ψf + iχf )
(
(ψk − iχk)(ψl − iχl)
)
(ψh + iχh)(ψc + iχc)(ψi + iχi)(ψj + iχj)
−fhkl(ψe + iχe)(ψf + iχf )(ψg + iχg)
(
(ψk − iχk)(ψl − iχl)
)
(ψc + iχc)(ψi + iχi)(ψj + iχj)
+f ckl(ψe + iχe)(ψf + iχf )(ψg + iχg)(ψh + iχh)
(
(ψk − iχk)(ψl − iχl)
)
(ψi + iχi)(ψj + iχj)
−f ikl(ψe + iχe)(ψf + iχf )(ψg + iχg)(ψh + iχh)(ψc + iχc)
(
(ψk − iχk)(ψl − iχl)
)
(ψj + iχj)
+f jkl(ψe + iχe)(ψf + iχf )(ψg + iχg)(ψh + iχh)(ψc + iχc)(ψi + iχi)
(
(ψk − iχk)(ψl − iχl)
)
](z)
− 1
2
√
3(2N − 2)
1
4
fabcfdeff fgh[ (4.21)
+faij
(
(ψi − iχi)(ψj − iχj)
)
(ψb + iχb)(ψc + iχc)(ψd + iχd)(ψe + iχe)(ψg + iχg)(ψh + iχh)
−f bij(ψa + iχa)
(
(ψi − iχi)(ψj − iχj)
)
(ψc + iχc)(ψd + iχd)(ψe + iχe)(ψg + iχg)(ψh + iχh)
+f cij(ψa + iχa)(ψb + iχb)
(
(ψi − iχi)(ψj − iχj)
)
(ψd + iχd)(ψe + iχe)(ψg + iχg)(ψh + iχh)
−fdij(ψa + iχa)(ψb + iχb)(ψc + iχc)
(
(ψi − iχi)(ψj − iχj)
)
(ψe + iχe)(ψg + iχg)(ψh + iχh)
+f eij(ψa + iχa)(ψb + iχb)(ψc + iχc)(ψd + iχd)
(
(ψi − iχi)(ψj − iχj)
)
(ψg + iχg)(ψh + iχh)
−f gij(ψa + iχa)(ψb + iχb)(ψc + iχc)(ψd + iχd)(ψe + iχe)
(
(ψi − iχi)(ψj − iχj)
)
(ψh + iχh)
+fhij(ψa + iχa)(ψb + iχb)(ψc + iχc)(ψd + iχd)(ψe + iχe)(ψg + iχg)
(
(ψi − iχi)(ψj − iχj)
)
](z).
The properties in (4.15) are used. One can check that the U(1) charge of each term is equal
to 4
3
where there are six positive ones and two negative ones. In order to obtain the primary
current, one should consider (W
(4)
4
3
− 1
9
∂W
(3)
4
3
)(z) [44] which can be obtained from (4.21) and
(4.13).
Then, the higher spin 3, 7
2
, 7
2
, and 4 currents are summarized by (4.13), (4.17), (4.19) and
(4.21) with addition of the derivative of (4.13).
4.3 Other higher spin 3, 72,
7
2 , 4 currents
In the description of (4.11), for the opposite U(1) charge, there exists also other solution for
the higher spin 3 current. One obtains the higher spin 3 current of U(1) charge −4
3
as follows:
W
(3)
−
4
3
(w) =W
(3)
4
3
(w)
∣∣∣∣∣
χa→−χa
. (4.22)
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More explicitly, one can read off the explicit expression which can be obtained from (4.13) by
replacing the second adjoint fermions with those together with minus sign. It is obvious to
see that the U(1) charge −4
3
of this higher spin current can be seen during this process: five
factors of U(1) charge −5
3
and one factor with U(1) charge 1
3
.
Let us calculate other higher spin currents. From the known OPE [44]
G+(z)W
(3)
−
4
3
(w) = − 1
(z − w)W
( 7
2
)
−
1
3
(w) + · · · , (4.23)
one obtains the higher spin 7
2
current together with (4.22) and (4.23) as follows:
W
( 7
2
)
−
1
3
(w) = −W (
7
2
)
1
3
(w)
∣∣∣∣∣
χa→−χa
. (4.24)
Note that under the change of χa → −χa, the original U(1) charge is changed into the negative
one. More explicitly, one can take this operation in (4.18). Then the left hand side of (4.18)
leads to the left hand side of (4.23) with the help of (4.22) and the right hand side of (4.18)
becomes W
( 7
2
)
1
3
(w)
∣∣∣∣∣
χa→−χa
. By realizing that the first order pole from (4.23), then we are left
with (4.24).
Similarly, the OPE [44] with (4.22)
G−(z)W
(3)
−
4
3
(w) =
1
(z − w)W
( 7
2
)
−
7
3
(w) + · · · , (4.25)
provides the following result for the higher spin current, by considering the relation (4.16)
where the operation χa → −χa is taken and the relation (4.22),
W
( 7
2
)
−
7
3
(w) = −W (
7
2
)
7
3
(w)
∣∣∣∣∣
χa→−χa
. (4.26)
In other words, the left-hand side of (4.25) is equal to the left hand side of (4.16) with the
additional operation χa → −χa. We also use the previous relation (4.22). Then the right-hand
side of (4.25) can be read off from this relation and we arrive at (4.26).
From the relation [44],
G+(z)W
( 7
2
)
−
7
3
(w) =
1
(z − w)2
7
3
W
(3)
−
4
3
(w) +
1
(z − w)
[
W
(4)
−
4
3
+
1
2
∂W
(3)
−
4
3
]
(w) + · · · , (4.27)
one obtains that the first order pole of (4.27) leads to
(W
(4)
−
4
3
+
1
2
∂W
(3)
−
4
3
)(w) = −(W (4)4
3
− 1
2
∂W
(3)
4
3
)(w)
∣∣∣∣∣
χa→−χa
, (4.28)
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where the previous relation (4.20) together with the operation χa → −χa is used. Moreover,
the previous relation (4.26) is used also. As described before, the field (4.28) is not a primary
under the stress energy tensor. The primary current is given by (W
(4)
−
4
3
+ 1
9
∂W
(3)
−
4
3
)(w) which
can be obtained from (−W (4)4
3
+ 1
9
∂W
(3)
4
3
)(w) by changing of χa(w)→ −χa(w).
Therefore, the higher spin 3, 7
2
, 7
2
, 4 currents are summarized by (4.22), (4.24), (4.26), and
(4.28). They are obtained from the higher spin currents appearing in previous subsection by
simple change of the adjoint fermions χa(z) up to signs.
4.4 The OPE between the two lowest higher spin currents in N = 2
superspace
Because the coset with the critical levels has the N = 2 supersymmetry, one can describe
the OPE between the two lowest higher spin multiplets in the N = 2 superspace. Let us
consider the OPE between the two N = 2 lowest higher spin 3 multiplets where they have
two opposite U(1) charges. That is,
W
(3)
4
3
(Z1)W
(3)
−
4
3
(Z2), (4.29)
where each four component current, which obtained in previous subsection, is given by
W
(3)
4
3
≡
(
W
(3)
4
3
, W
( 7
2
)
7
3
, W
( 7
2
)
1
3
, W
(4)
4
3
)
,
W
(3)
−
4
3
≡
(
W
(3)
−
4
3
, W
( 7
2
)
−
1
3
, W
( 7
2
)
−
7
3
, W
(4)
−
4
3
)
. (4.30)
In principle, in order to obtain the explicit OPE in (4.29), one should calculate only the
four OPEs between the four component currents living in W
(3)
4
3
(Z1) in (4.30) and the lowest
component current in W
(3)
−
4
3
(Z2) in (4.30), due to the N = 2 supersymmetry. See also the
relevant works in [48, 49, 50] where the various N = 2 multiplets in different coset model are
studied. From the four OPEs, one can realize that the right hand sides of these OPEs should
have U(1) charges, 0, 1, or −1 by adding the U(1) charges. Recall that the four currents
characterized by the N = 2 stress energy tensor T ≡ (J,G+, G−, T ) of N = 2 superconformal
algebra have 0, 1,−1, and 0 respectively. It is natural to consider the right hand side of (4.29)
in terms of N = 2 stress energy tensor T(Z2) with its various descendant fields in minimal
way.
Inside of the package of [51], one can introduce the OPEs, T(Z1)T(Z2) which is the
standard OPE corresponding to the N = 2 superconformal algebra, T(Z1)W(3)4
3
(Z2), which
is the N = 2 primary condition with U(1) charge 4
3
and T(Z1)W
(3)
−
4
3
(Z2), which is the N = 2
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primary condition with U(1) charge −4
3
. All the coefficients appearing in these OPEs are
constants except the central charge c which is a function of N in (4.5). Then one can write
down the right hand side of OPE (4.29) with arbitrary coefficients which depend on c or
N . After using the Jacobi identities, one summarizes the structure constants in Appendix L
explicitly. See also the relevant work in [52].
One expects that there should be present other higher spin multiplets in the various OPEs.
For exmaple, W
(3)
4
3
(Z1)W
(3)
4
3
(Z2) or W
(3)
−
4
3
(Z1)W
(3)
−
4
3
(Z2) as in the unitary case [44]. It would
be interesting to obtain these higher spin multiplets explicitly further.
5 Conclusions and outlook
In the coset model (1.1), we have constructed the higher spin 4 current for general levels. For
k1 = 1 with arbitrary N and k2, the eigenvalue equations of the zero mode of the higher spin
4 current acting on the states are obtained. The corresponding three-point functions are also
determined. The N = 1 higher spin multiplet characterized by (7
2
, 4) for k1 = 2N−2 in terms
of adjoint fermions and spin 1 current is obtained. The two N = 2 higher spin multiplets
denoted by (3, 7
2
, 7
2
, 4) for k1 = k2 = 2N − 2 in terms of two adjoint fermions are determined.
Some of the OPEs in N = 1 or N = 2 coset models are given explicitly.
We consider the possible related open problems as follows:
• One can also try to obtain the higher spin currents in the following coset model
SˆO(2N + 1)k1 ⊕ SˆO(2N + 1)k2
SˆO(2N + 1)k1+k2
. (5.1)
It seems that the minimum value of N for the nontrivial existence of d symbol (and corre-
sponding higher spin 4 current) is given by N = 2. In the present paper, the minimum value
of N is given by N = 4 and the number of independent fields in the higher spin currents is
rather big implying that it is rather nontrivial to extract the corresponding OPEs. In the
coset model (5.1), for N = 2 or N = 3 case, one expects that one can analyze the OPEs
further and observe more structures in the right-hand sides of the OPEs.
• Further algebraic structures
In order to observe the algebraic structures living in the bosonic, N = 1 or N = 2
higher spin multiplets for generic N (and generic k2), one should calculate the various OPEs
between them manually. In practice, this is rather involved because for example, the higher
spin 4 current in the bosonic coset model consists of twenty terms and the number of OPEs is
greater than two hundreds. In [27], one can try to obtain the various OPEs for the fixed low
38
N values (for example, N = 4, 5, 6, 7, · · ·) and expect the N dependence of structure constants
appearing in the right-hand side of the OPEs.
• N = 2 enhancement of [24]
One considers the critical level condition in [24, 53]. It would be interesting to observe
any N = 2 enhancement or not. One can easily see the breaking of adjoint representation
in SO(2N + 1) into the adjoint representation of SO(2N) plus the vector representation of
SO(2N). The first step is to construct the N = 2 superconformal algebra realization.
• The additional numerator factors
For example, one considers the following coset model where the extra numerator factor
exists in the coset
SˆO(2N)2N−2 ⊕ SˆO(2N)2N−2 ⊕ SˆO(2N)2N−2
SˆO(2N)6N−6
. (5.2)
It is an open problem to see whether one constructs the N = 3 superconformal algebra [54]
from the three kinds of adjoint fermions or not. It is nontrivial to obtain the three spin
3
2
currents satisfying the standard OPEs between them. Then one can try to obtain the
higher spin currents living in the above coset model (5.2). Furthermore, one can describe
another coset model where the additional numerical factor occurs. It is an open problem
to construct the linear (or nonlinear) N = 4 superconformal algebra from the four kinds of
adjoint fermions.
• Further identities between f and d tensors of SO(2N)
One can analyze the various identities involving f and d tensors by following the description
of [16, 17]. They will be useful in order to calculate the OPEs between the higher spin currents
in the context of section 3 and 4.
• Zero mode eigenvalue equations in other representations
There exists an adjoint representation of SO(2N). It is an open problem to describe the
eigenvalue equations for the zero mode of the higher spin 4 current acting on the states associ-
ated with the adjoint representation. For the SO(8) generators in the adjoint representation,
one has 28× 28 matrices whose elements are given by the structure constant.
• Marginal operator
One of the motivations in section 4 is based on the presence of perturbing marginal operator
[55] which breaks the higher spin symmetry but preserving the N = 2 supersymmetry. It
would be interesting to obtain this operator and calculate the mass terms with the explicit
eigenvalues along the lines of [56, 57, 58, 59]. Under the large c limit, the right hand side of
the OPE has the simple linear terms.
• N = 2 superspace description for the adjoint fermions
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We obtained the two N = 2 higher spin multiplets. It is an open problem to see whether
one can write down the two adjoint fermions in N = 2 superspace. This will allow us to write
down the N = 2 higher spin multiplets in N = 2 superspace.
• Asymptotic quantum symmetry algebra
We have obtained the eigenvalue equations and three-point functions at finite N and k2
in section 2. Along the line of [9], it is an open problem to study the asymptotic quantum
symmetry algebra of the higher spin theory on the AdS3 space. See also [23] where the brief
sketch for the large N ’t Hooft limit is given.
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A The f and d tensors of SO(8)
The 28 generators of SO(8) [60] are given by
T 1 =


0 i 0 0 0 0 0 0
−i 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0


, T 2 =


0 0 i 0 0 0 0 0
0 0 0 0 0 0 0 0
−i 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0


,
T 3 =


0 0 0 i 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
−i 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0


, T 4 =


0 0 0 0 i 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
−i 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0


,
T 5 =


0 0 0 0 0 i 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
−i 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0


, T 6 =


0 0 0 0 0 0 i 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
−i 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0


,
T 7 =


0 0 0 0 0 0 0 i
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
−i 0 0 0 0 0 0 0


, T 8 =


0 0 0 0 0 0 0 0
0 0 i 0 0 0 0 0
0 −i 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0


,
T 9 =


0 0 0 0 0 0 0 0
0 0 0 i 0 0 0 0
0 0 0 0 0 0 0 0
0 −i 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0


, T 10 =


0 0 0 0 0 0 0 0
0 0 0 0 i 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 −i 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0


,
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T 11 =


0 0 0 0 0 0 0 0
0 0 0 0 0 i 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 −i 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0


, T 12 =


0 0 0 0 0 0 0 0
0 0 0 0 0 0 i 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 −i 0 0 0 0 0 0
0 0 0 0 0 0 0 0


,
T 13 =


0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 i
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 −i 0 0 0 0 0 0


, T 14 =


0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 i 0 0 0 0
0 0 −i 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0


,
T 15 =


0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 i 0 0 0
0 0 0 0 0 0 0 0
0 0 −i 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0


, T 16 =


0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 i 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 −i 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0


,
T 17 =


0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 i 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 −i 0 0 0 0 0
0 0 0 0 0 0 0 0


, T 18 =


0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 i
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 −i 0 0 0 0 0


,
T 19 =


0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 i 0 0 0
0 0 0 −i 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0


, T 20 =


0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 i 0 0
0 0 0 0 0 0 0 0
0 0 0 −i 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0


,
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T 21 =


0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 i 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 −i 0 0 0 0
0 0 0 0 0 0 0 0


, T 22 =


0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 i
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 −i 0 0 0 0


,
T 23 =


0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 i 0 0
0 0 0 0 −i 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0


, T 24 =


0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 i 0
0 0 0 0 0 0 0 0
0 0 0 0 −i 0 0 0
0 0 0 0 0 0 0 0


,
T 25 =


0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 i
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 −i 0 0 0


, T 26 =


0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 i 0
0 0 0 0 0 −i 0 0
0 0 0 0 0 0 0 0


,
T 27 =


0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 i
0 0 0 0 0 0 0 0
0 0 0 0 0 −i 0 0


, T 28 =


0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 i
0 0 0 0 0 0 −i 0


. (A.1)
Using this explicit form of Appendix (A.1), the structure constants (2.5) and d tensor (2.6)
can be written explicitly. Inside of mathematica [61], one can write down the f and d symbols
as follows:
f = Table[Simplify[
1
2
(−i)Tr[T[c1].(T[a1].T[b1] − T[b1].T[a1])]],
{a1, 1, 28}, {b1, 1, 28}, {c1, 1, 28}];
d = Table[Simplify[
1
2
Tr[T[d1].(T[a1].T[b1].T[c1] + T[a1].T[c1].T[b1] + T[c1].T[a1].T[b1]+
T[b1].T[a1].T[c1] + T[b1].T[c1].T[a1] + T[c1].T[b1].T[a1])]],
{a1, 1, 28}, {b1, 1, 28}, {c1, 1, 28}, {d1, 1, 28}]; (A.2)
43
Using the command Union[Flatten[f]], the elements of f symbol in Appendix (A.2) is given
by −1, 0, and 1. Using the command Length[Position[f, ∗]], the multiplicities are given by
168, 21616, and 168 respectively. The sum of these is 283 = 21952. For the d symbol, the
elements are given by −1, 0, 1, 2, and 6 and their multiplicities are 1680, 608580, 3360, 1008,
and 28. The sum of these is 284 = 614656. In particular, daaaa = 6.
B The OPEs between the diagonal spin 1 current and
various spin 4 currents
As done in the section 2 (the equations (2.18), (2.20) and (2.22)), the remaining 17 OPEs are
described by
J ′a(z) dbcdeJbKcKdKe(w) =
1
(z − w)3 (4N
2 − 14N + 22)fabcKbJc(w)
+
1
(z − w)2
[
− (3k2 + 4(N − 1))dabcdKbKcJd + (2N − 5)fabcf cdeKbKeJd
−k1dabcdKbKcKd + 12KbKbJa − 12KaKbJb − 12fabc∂KbJc
]
(w) + · · · ,
J ′a(z) dbcdeKbKcKdKe(w) =
1
(z − w)4 2(2N − 2)(4N
2 − 14N + 22)Ka(w)
− 1
(z − w)3 2(4N
2 − 14N + 22)fabcKbKc(w)
+
1
(z − w)2
[
− (4k2 + 8(N − 1))dabcdKbKcKd
−(12 + (2N − 2)(2N − 5))fabc∂KbKc + (12 + (2N − 2)(2N − 5))fabcKb∂Kc
]
(w) + · · · ,
J ′a(z) ∂Jb∂Jb(w) = − 1
(z − w)4 2(2N − 2)J
a(w) − 1
(z − w)3 2((2N − 2) + 2k1)∂J
a(w)
+
1
(z − w)2
[
fabc∂JbJc − fabcJb∂Jc
]
(w) + · · · ,
J ′a(z) ∂2JbJb(w) = − 1
(z − w)4 2(2(2N − 2) + 3k1)J
a(w) − 1
(z − w)3 2(2N − 2)∂J
a(w)
− 1
(z − w)2
[
k1
(2N − 2)f
abcJb∂Jc + (2 +
k1
(2N − 2))f
abc∂JbJc
]
(w) + · · · ,
J ′a(z) ∂Kb∂Kb(w) = − 1
(z − w)4 2(2N − 2)K
a(w) − 1
(z − w)3 2((2N − 2) + 2k2)∂K
a(w)
+
1
(z − w)2
[
fabc∂KbKc − fabcKb∂Kc
]
(w) + · · · ,
J ′a(z) ∂2KbKb(w) = − 1
(z − w)4 2(2(2N − 2) + 3k2)K
a(w)− 1
(z − w)3 2(2N − 2)∂K
a(w)
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− 1
(z − w)2
[
k2
(2N − 2)f
abcKb∂Kc + (2 +
k2
(2N − 2))f
abc∂KbKc
]
(w) + · · · ,
J ′a(z) ∂Jb∂Kb(w) = − 1
(z − w)3 2(k1∂K
a + k2∂J
a)(w)
+
1
(z − w)2
[
fabc∂JbKc − fabcJb∂Kc
]
(w) + · · · ,
J ′a(z) ∂2JbKb(w) = − 1
(z − w)4 6k1K
a(w)− 1
(z − w)3 2f
abcJbKc(w)
− 1
(z − w)2
[
k2
(2N − 2)f
abc∂JbJc +
k2
(2N − 2)f
abcJb∂Jc + 2fabc∂JbKc
]
(w) + · · · ,
J ′a(z)Jb∂2Kb(w) = − 1
(z − w)4 6k2J
a(w) − 1
(z − w)3 2f
abcKbJc(w)
− 1
(z − w)2
[
k1
(2N − 2)f
abc∂KbKc +
k1
(2N − 2)f
abcKb∂Kc + 2fabc∂KbJc
]
(w) + · · · ,
J ′a(z) f bcdJb∂JcKd(w) = − 1
(z − w)4 8k1(N − 1)K
a(w)
− 1
(z − w)3 2(N − 1− k1)f
abcJbKc(w)
+
1
(z − w)2
[
− (2(N − 1) + k1)fabc∂JbKc + fabcf cdeJdJbKe − k2fabcJb∂Jc
]
(w) + · · · ,
J ′a(z) f bcdJbKc∂Kd(w) = − 1
(z − w)4 8k2(N − 1)J
a(w)
− 1
(z − w)3 2(N − 1− k2)f
abcKbJc(w)
+
1
(z − w)2
[
− (2(N − 1) + k2)fabc∂KbJc + fabcf cdeKdKbJe − k1fabcKb∂Kc
]
(w) + · · · ,
J ′a(z)JbJbJcJc(w) =
1
(z −w)4 4(2N − 2)(2N − 2 + k1)J
a(w)
− 1
(z − w)3 4(2N − 2)(2N − 2 + k1)∂J
a(w)
+
1
(z − w)2
[
− 4(2(N − 1) + k1)JaJbJb − 2(2N − 2 + k1)fabc∂JbJc
+2(2N − 2 + k1)fabcJb∂Jc
]
(w) + · · · ,
J ′a(z)KbKbKcKc(w) =
1
(z − w)4 4(2N − 2)(2N − 2 + k2)K
a(w)
− 1
(z − w)3 4(2N − 2)(2N − 2 + k2)∂K
a(w) +
1
(z − w)2
[
− 4(2(N − 1) + k2)KaKbKb
−2(2N − 2 + k2)fabc∂KbKc + 2(2N − 2 + k2)fabcKb∂Kc
]
(w) + · · · ,
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J ′a(z)JbJbKcKc(w) = − 1
(z − w)2
[
2(2(N − 1) + k1)JaKbKb
+2(2N − 2 + k2)JbJbKa
]
(w) + · · · ,
J ′a(z)JbJbJcKc(w) =
1
(z − w)4 2(2N − 2)k1K
a(w) +
1
(z − w)3 2(2N − 2− k1)f
abcJbKc(w)
+
1
(z − w)2
[
− k2JaJbJb − k2fabc∂JbJc + k2fabcJb∂Jc − k1JbJbKa
−2(k1 + 2N − 2)JaJbKb + 2fabcf cdeJbJeKd
]
(w) + · · · ,
J ′a(z)JbKbKcKc(w) = − 1
(z − w)3 2(2N − 2 + k2)f
abcJbKc(w)
+
1
(z − w)2
[
− k1KaKbKb − k2JaKbKb
−2(2N − 2 + k2)JbKaKb + 2(k2 + 2N − 2)fabcJb∂Kc
]
(w) + · · · ,
J ′a(z)JbJcKbKc(w) = − 1
(z − w)3 (2N − 2)(k1∂K
a + k2∂J
a)(w)
+
1
(z − w)2
[
fabcf cdeJeKbKd + fabcf cdeJbJdKe
−2k1JbKaKb + k1fabcJb∂Kc − k2fabc∂JbKc − 2k2JaJbKb
]
(w) + · · · . (B.1)
One observes that there exists an invariance under the change of Ja(z)↔ Ka(z) and k1 ↔ k2.
For example, the first equation of Appendix (B.1) can be obtained from (2.20) by this change.
We collect each independent field with its coefficients in (2.14) appearing at various poles
in Appendix (B.1) where the rearrangement [18] of the normal ordered product is used and
the coefficients should vanish in order to satisfy the regular condition (2.15)
pole-4 :
[
2(2N − 2)(4N2 − 14N + 22)A1 − 2(2N − 2)A6 − 2(2(2N − 2) + 3k1)A7
−6k2A12 − k24(2N − 2)A14 + 4(2N − 2)(k1 + 2N − 2)A15
]
Ja(w) = 0,
pole-4 :
[
2(2N − 2)(4N2 − 14N + 22)A5 − 2(2N − 2)A8 − 2(2(2N − 2) + 3k2)A9
−6k1A11 − k14(2N − 2)A13 + 4(2N − 2)(k2 + 2N − 2)A16
+2(2N − 2)k1A18
]
Ka(w) = 0,
pole-3 :
[
− 2(4N2 − 14N + 22)(2N − 2)A1 − 2((2N − 2) + 2k1)A6 − 2(2N − 2)A7
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−2k2A10 − 4(2N − 2)(k1 + 2N − 2)A15 − (2N − 2)k2A20
]
∂Ja(w) = 0,
pole-3 :
[
− 2(2N − 2)(4N2 − 14N + 22)A5 − 2((2N − 2) + 2k2)A8 − 2(2N − 2)A9
−2k1A10 − 4(2N − 2)(k2 + 2N − 2)A16 − (2N − 2)k1A20
]
∂Ka(w) = 0,
pole-3 :
[
(4N2 − 14N + 22)A2 − (4N2 − 14N + 22)A4 − 2A11 + 2A12
−((2N − 2)− 2k1)A13 + ((2N − 2)− 2k2)A14 + 2(−k1 + 2N − 2)A18
−2(k2 + 2N − 2)A19
]
fabcJ bKc(w) = 0,
pole-2 :
[
((2N − 5)(2N − 2) + 12)A1 −A6 − k1
(2N − 2)A7 −
k2
(2N − 2)A11 − k2A13
+2(k1 + 2N − 2)A15 + k2A18
]
fabcJ b∂Jc(w) = 0,
pole-2 :
[
− ((2N − 5)(2N − 2) + 12)A1 + A6 − ( k1
(2N − 2) + 2)A7 −
k2
(2N − 2)A11
−2(k1 + 2N − 2)A15 − k2A18
]
fabc∂J bJc(w) = 0,
pole-2 :
[
((2N − 5)(2N − 2) + 12)A5 −A8 − k2
(2N − 2)A9 −
k1
(2N − 2)A12 − k1A14
+2(k2 + 2N − 2)A16
]
fabcKb∂Kc(w) = 0,
pole-2 :
[
− ((2N − 5)(2N − 2) + 12)A5 − ( k2
(2N − 2) + 2)A9 + A8 −
k1
(2N − 2)A12
−2(k2 + 2N − 2)A16
]
fabc∂KbKc(w) = 0,
pole-2 :
[
− 4(k1 + 2N − 2)A15 − k2A18
]
JaJ bJ b(w) = 0,
pole-2 :
[
12A2 − 8A3 − 2(k2 + 2N − 2)A17 − k1A18
]
J bJ bKa(w) = 0,
pole-2 :
[
− 12A2 + 8A3 − 2(k1 + 2N − 2)A18 − 2k2A20
]
JaJ bKb(w) = 0,
pole-2 :
[
8A3 − 12A4 − 2(k2 + 2N − 2)A19 − 2k1A20
]
J bKaKb(w) = 0,
pole-2 :
[
− 8A3 + 12A4 − 2(k1 + 2N − 2)A17 − k2A19
]
JaKbKb(w) = 0,
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pole-2 :
[
− 4(k2 + 2N − 2)A16 − k1A19
]
KaKbKb(w) = 0,
pole-2 :
[
− (8(N − 1) + 4k1)A1 − k2A2
]
dabcdJ bJcJd(w) = 0,
pole-2 :
[
− (4(N − 1) + 3k1)A2 − (4(N − 1)
3
+ 2k2)A3
]
dabcdJ bJcKd(w) = 0,
pole-2 :
[
− (4(N − 1)
3
+ 2k1)A3 − (4(N − 1) + 3k2)A4
]
dabcdJ bKcKd(w) = 0,
pole-2 :
[
− k1A4 − (8(N − 1) + 4k2)A5
]
dabcdKbKcKd(w) = 0,
pole-2 :
[
(k2 + (2N − 2))A14 + 2(k2 + 2N − 2)A19 − (1
3
(2N − 2)(2N − 5) + 4)A3
+(12 + (2N − 5)(2N − 2))A4 − (k1 + 2N − 2)A20 −A10 + 2A12
]
fabcJ b∂Kc(w)
= 0,
pole-2 :
[
− (k1 + (2N − 2))A13 − k2A20 − 1
3
(2N − 2)(2N − 5)A3 − (2N − 2)A13
−12A2 + 4A3 + A10 − 2A11
]
fabc∂J bKc(w) = 0,
pole-2 :
[
(2N − 5)A2 − 2
3
(2N − 5)A3 − A13 + 2A18 −A20
]
fabcf cdeJ bJeKd(w) = 0,
pole-2 :
[
− 2
3
(2N − 5)A3 + (2N − 5)A4 − A14 − A20
]
fabcf cdeJdKeKb(w) = 0. (B.2)
The regular condition provides the vanishing of these coefficients appearing in Appendix (B.2)
for the independent composite fields.
Let us emphasize that one can understand the identity (2.10) in different point of view.
In Appendix (B.2), the second order poles having A2 term with a single K
a are given by
J bJ bKa(w), JaJ bKb(w), dabcdJ bJcKd(w), fabc∂J bKc(w), and fabcf cdeJ bJeKd(w). Of course,
these are obtained from (2.19) with the help of (2.10). Although one does not know the
tensorial structure in the right hand side of (2.10), one can figure out it from the above
field contents. In other words, one can determine the tensorial structure from the above
requirement (regular condition). Then one can fix the coefficients appearing in (2.10) by
applying for several lower N values.
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C The OPEs between the numerator spin 2 current
and various spin 4 currents
As done in the section 2 (the equations (2.25), (2.26) and (2.27)), one obtains the remaining
17 OPEs described by
Tˆ (z) dbcdeJ bKcKdKe(w) = − 1
(z − w)4 6k2(4N − 1)J
aKa(w) +O( 1
(z − w)2 ),
Tˆ (z) dbcdeKbKcKdKe(w) = − 1
(z − w)4 12k2(4N − 1)K
aKa(w) +O( 1
(z − w)2 ),
Tˆ (z) ∂Ja∂Ja(w) = − 1
(z − w)64k1N(2N − 1) +
1
(z − w)3 2∂(J
aJa)(w) +O( 1
(z − w)2 ),
Tˆ (z) ∂2JaJa(w) = − 1
(z − w)66k1N(2N − 1) +
1
(z − w)4 6J
aJa(w)
+
1
(z − w)3 6∂J
aJa(w) +O( 1
(z − w)2 ),
Tˆ (z) ∂Ka∂Ka(w) = − 1
(z − w)64k2N(2N − 1) +
1
(z − w)3 2∂(K
aKa)(w) +O( 1
(z − w)2 ),
Tˆ (z) ∂2KaKa(w) = − 1
(z − w)66k2N(2N − 1) +
1
(z − w)4 6K
aKa(w)
+
1
(z − w)3 6∂K
aKa(w) +O( 1
(z − w)2 ),
Tˆ (z) ∂Ja∂Ka(w) =
1
(z − w)3 2∂(J
aKa)(w) +O( 1
(z − w)2 ),
Tˆ (z) ∂2JaKa(w) =
1
(z − w)4 6J
aKa(w) +
1
(z − w)3 6∂J
aKa(w) +O( 1
(z − w)2 ),
Tˆ (z) Ja∂2Ka(w) =
1
(z − w)4 6J
aKa(w) +
1
(z − w)3 6J
a∂Ka(w) +O( 1
(z − w)2 ),
Tˆ (z) fabcJa∂J bKc(w) =
1
(z − w)4 2(2N − 2)J
aKa(w)
+
1
(z − w)3 4(2N − 2)∂J
aKa(w) +O( 1
(z − w)2 ),
Tˆ (z) fabcJaKb∂Kc(w) =
1
(z − w)4 2(2N − 2)J
aKa(w)
+
1
(z − w)3 4(2N − 2)J
a∂Ka(w) +O( 1
(z − w)2 ),
Tˆ (z) JaJaJ bJ b(w) = − 1
(z − w)4 2
[
2(2N − 2 + k1) + k1N(2N − 1)
]
JaJa(w)
+O( 1
(z − w)2 ),
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Tˆ (z)KaKaKbKb(w) = − 1
(z − w)4 2
[
2(2N − 2 + k2) + k2N(2N − 1)
]
KaKa(w)
+O( 1
(z − w)2 ),
Tˆ (z) JaJaKbKb(w) = − 1
(z − w)4 N(2N − 1)
[
k2J
aJa + k1K
aKa
]
(w) +O( 1
(z − w)2 ),
Tˆ (z) JaJaJ bKb(w) = − 1
(z − w)4
[
k1(N(2N − 1) + 2)
]
JaKa(w)
− 1
(z − w)3 2(2N − 2)∂J
aKa(w) +O( 1
(z − w)2 ),
Tˆ (z) JaKaKbKb(w) = − 1
(z − w)4
[
2(2N − 2 + k2) +N(2N − 1)k2
]
JaKa(w)
+O( 1
(z − w)2 ),
Tˆ (z) JaJ bKaKb(w) = − 1
(z − w)4
[
k2J
aJa + k1K
aKa
]
(w)
+
1
(z − w)3 (2N − 2)∂(J
aKa)(w) +O( 1
(z − w)2 ). (C.1)
It is obvious that there exists an invariance under the change of Ja(z)↔ Ka(z) and k1 ↔ k2.
For example, the first equation of Appendix (C.1) can be obtained from (2.26) by this change.
We collect each independent field with its coefficients in (2.14) appearing at various poles
in Appendix (C.1) and the coefficients should vanish in order to be a primary under the stress
energy tensor (2.2)
pole-6 :
[
− 4(2N − 1)k1NA6 − 6k1N(2N − 1)A7 − 4k2N(2N − 1)A8
−6k2N(2N − 1)A9
]
= 0,
pole-4 :
[
− 6(8N − 2)k1A1 − k2(8N − 2)A3 + 6A7
−2(2(k1 + 2N − 2) + (2N − 1)k1N)A15 − k2N(2N − 1)A17 − k2A20
]
JaJa(w) = 0,
pole-4 :
[
− 3(8N − 2)k1A2 − 3k2(8N − 2)A4 + 6A11 + 6A12 + 2(2N − 2)A13
+2(2N − 2)A14 − k1((2N − 1)N + 2)A18
−(2(k2 + 2N − 2) + (2N − 1)k2N)A19
]
JaKa(w) = 0,
pole-4 :
[
(8N − 2)(−k1)A3 −N(2N − 1)A17k1 − 6k2(8N − 2)A5
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+6A9 − 2(2(k2 + 2N − 2) + (2N − 1)k2N)A16 − k1A20
]
KaKa(w) = 0,
pole-3 :
[
4A6 + 6A7
]
∂JaJa(w) = 0,
pole-3 :
[
4A8 + 6A9
]
∂KaKa(w) = 0,
pole-3 :
[
2A10 + 6A11 + 4(2N − 2)A13 − 2(2N − 2)A18 + (2N − 2)A20
]
∂JaKa(w) = 0,
pole-3 :
[
2A10 + 6A12 + 4(2N − 2)A14 + (2N − 2)A20
]
Ja∂Ka(w) = 0. (C.2)
The primary condition (2.23) leads to the vanishing of these coefficients appearing in Ap-
pendix (C.2) for the independent composite fields.
D The coefficients appearing in (2.14) which depend
on k1, k2 and N
By solving the linear equations in Appendix (B.2) and Appendix (C.2), we determine the
various coefficients which are the functions of k1, k2 and N as follows:
A2 = −4(k1 + 2N − 2)
k2
A1,
A3 =
6(k1 + 2N − 2)(3k1 + 4N − 4)
k2(3k2 + 2N − 2) A1,
A4 = −4(k1 + 2N − 2)(3k1 + 2N − 2)(3k1 + 4N − 4)
k2(3k2 + 2N − 2)(3k2 + 4N − 4) A1,
A5 =
k1(k1 + 2N − 2)(3k1 + 2N − 2)(3k1 + 4N − 4)
k2(k2 + 2N − 2)(3k2 + 2N − 2)(3k2 + 4N − 4)A1,
A6 =
6
(3k2 + 2N − 2)D(k1, k2, N)A1
× (224k1k2N6 + 64N6 + 200k1k22N5 − 128k1N5 + 248k21k2N5 − 1344k1k2N5
+ 352k2N
5 − 480N5 + 36k1k32N4 − 224k21N4 + 132k21k22N4 − 1000k1k22N4 + 304k22N4
+ 832k1N
4 + 96k31k2N
4 − 1240k21k2N4 + 2296k1k2N4 − 2288k2N4 + 2208N4 − 96k31N3
+ 12k21k
3
2N
3 − 144k1k32N3 + 72k32N3 + 1232k21N3 + 24k31k22N3 − 528k21k22N3 + 1298k1k22N3
− 1672k22N3 − 416k1N3 + 12k41k2N3 − 384k31k2N3 + 830k21k2N3 − 1688k1k2N3 + 6688k2N3
− 5312N3 − 12k41N2 + 432k31N2 − 36k21k32N2 + 105k1k32N2 − 324k32N2 − 1080k21N2
− 72k31k22N2 + 21k21k22N2 − 956k1k22N2 + 3672k22N2 − 2464k1N2 − 36k41k2N2 − 96k31k2N2
+ 940k21k2N
2 + 2928k1k2N
2 − 9856k2N2 + 6528N2 + 42k41N − 144k31N − 45k21k32N
− 93k1k32N + 504k32N − 640k21N − 90k31k22N + 213k21k22N + 1522k1k22N − 3544k22N
+ 3488k1N − 45k41k2N + 348k31k2N + 70k21k2N − 4600k1k2N + 7040k2N − 3936N + 24k41
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− 192k31 − 12k21k32 + 150k1k32 − 252k32 + 712k21 − 24k31k22 + 270k21k22 − 1064k1k22 + 1240k22
− 1312k1 − 12k41k2 + 144k31k2 − 848k21k2 + 2184k1k2 − 1936k2 + 928),
A7 =
4
(3k2 + 2N − 2)D(k1, k2, N)A1
× (12k41k2N3 − 36k41k2N2 − 45k41k2N − 12k41k2 − 12k41N2 + 42k41N + 24k41 + 24k31k22N3
− 72k31k22N2 − 90k31k22N − 24k31k22 + 96k31k2N4 − 384k31k2N3 − 96k31k2N2 + 348k31k2N
+ 144k31k2 − 96k31N3 + 432k31N2 − 144k31N − 192k31 + 12k21k32N3 − 36k21k32N2 − 45k21k32N
− 12k21k32 + 132k21k22N4 − 528k21k22N3 + 21k21k22N2 + 213k21k22N + 270k21k22 + 248k21k2N5
− 1240k21k2N4 + 830k21k2N3 + 940k21k2N2 + 70k21k2N − 848k21k2 − 224k21N4 + 1232k21N3
− 1080k21N2 − 640k21N + 712k21 + 36k1k32N4 − 144k1k32N3 + 105k1k32N2 − 93k1k32N
+ 150k1k
3
2 + 200k1k
2
2N
5 − 1000k1k22N4 + 1298k1k22N3 − 956k1k22N2 + 1522k1k22N
− 1064k1k22 + 224k1k2N6 − 1344k1k2N5 + 2296k1k2N4 − 1688k1k2N3 + 2928k1k2N2
− 4600k1k2N + 2184k1k2 − 128k1N5 + 832k1N4 − 416k1N3 − 2464k1N2 + 3488k1N
− 1312k1 + 72k32N3 − 324k32N2 + 504k32N − 252k32 + 304k22N4 − 1672k22N3 + 3672k22N2
− 3544k22N + 1240k22 + 352k2N5 − 2288k2N4 + 6688k2N3 − 9856k2N2 + 7040k2N
− 1936k2 + 64N6 − 480N5 + 2208N4 − 5312N3 + 6528N2 − 3936N + 928),
A8 =
6
k2(k2 + 2N − 2)(3k2 + 2N − 2)(3k2 + 4N − 4)D(k1, k2, N)A1
× k1(k1 + 2N − 2)(3k1 + 4N − 4)(12k31k22N3 − 36k31k22N2 − 45k31k22N − 12k31k22 + 36k31k2N4
− 144k31k2N3 + 105k31k2N2 − 93k31k2N + 150k31k2 + 72k31N3 − 324k31N2 + 504k31N − 252k31
+ 24k21k
3
2N
3 − 72k21k32N2 − 90k21k32N − 24k21k32 + 132k21k22N4 − 528k21k22N3 + 21k21k22N2
+ 213k21k
2
2N + 270k
2
1k
2
2 + 200k
2
1k2N
5 − 1000k21k2N4 + 1298k21k2N3 − 956k21k2N2
+ 1522k21k2N − 1064k21k2 + 304k21N4 − 1672k21N3 + 3672k21N2 − 3544k21N + 1240k21
+ 12k1k
4
2N
3 − 36k1k42N2 − 45k1k42N − 12k1k42 + 96k1k32N4 − 384k1k32N3 − 96k1k32N2
+ 348k1k
3
2N + 144k1k
3
2 + 248k1k
2
2N
5 − 1240k1k22N4 + 830k1k22N3 + 940k1k22N2 + 70k1k22N
− 848k1k22 + 224k1k2N6 − 1344k1k2N5 + 2296k1k2N4 − 1688k1k2N3 + 2928k1k2N2
− 4600k1k2N + 2184k1k2 + 352k1N5 − 2288k1N4 + 6688k1N3 − 9856k1N2 + 7040k1N
− 1936k1 − 12k42N2 + 42k42N + 24k42 − 96k32N3 + 432k32N2 − 144k32N − 192k32 − 224k22N4
+ 1232k22N
3 − 1080k22N2 − 640k22N + 712k22 − 128k2N5 + 832k2N4 − 416k2N3 − 2464k2N2
+ 3488k2N − 1312k2 + 64N6 − 480N5 + 2208N4 − 5312N3 + 6528N2 − 3936N + 928),
A9 = − 4
k2(k2 + 2N − 2)(3k2 + 2N − 2)(3k2 + 4N − 4)D(k1, k2, N)A1
× k1(k1 + 2N − 2)(3k1 + 4N − 4)(12k31k22N3 − 36k31k22N2 − 45k31k22N − 12k31k22 + 36k31k2N4
− 144k31k2N3 + 105k31k2N2 − 93k31k2N + 150k31k2 + 72k31N3 − 324k31N2 + 504k31N − 252k31
+ 24k21k
3
2N
3 − 72k21k32N2 − 90k21k32N − 24k21k32 + 132k21k22N4 − 528k21k22N3 + 21k21k22N2
+ 213k21k
2
2N + 270k
2
1k
2
2 + 200k
2
1k2N
5 − 1000k21k2N4 + 1298k21k2N3 − 956k21k2N2
+ 1522k21k2N − 1064k21k2 + 304k21N4 − 1672k21N3 + 3672k21N2 − 3544k21N + 1240k21
+ 12k1k
4
2N
3 − 36k1k42N2 − 45k1k42N − 12k1k42 + 96k1k32N4 − 384k1k32N3 − 96k1k32N2
+ 348k1k
3
2N + 144k1k
3
2 + 248k1k
2
2N
5 − 1240k1k22N4 + 830k1k22N3 + 940k1k22N2 + 70k1k22N
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− 848k1k22 + 224k1k2N6 − 1344k1k2N5 + 2296k1k2N4 − 1688k1k2N3 + 2928k1k2N2
− 4600k1k2N + 2184k1k2 + 352k1N5 − 2288k1N4 + 6688k1N3 − 9856k1N2 + 7040k1N
− 1936k1 − 12k42N2 + 42k42N + 24k42 − 96k32N3 + 432k32N2 − 144k32N − 192k32 − 224k22N4
+ 1232k22N
3 − 1080k22N2 − 640k22N + 712k22 − 128k2N5 + 832k2N4 − 416k2N3 − 2464k2N2
+ 3488k2N − 1312k2 + 64N6 − 480N5 + 2208N4 − 5312N3 + 6528N2 − 3936N + 928),
A10 = − 12
k2(3k2 + 2N − 2)D(k1, k2, N)A1
× (k1 + 2N − 2)(3k1 + 4N − 4)(4k31k2N3 − 12k31k2N2 − 15k31k2N − 4k31k2 − 4k31N2
+ 14k31N + 8k
3
1 + 8k
2
1k
2
2N
3 − 24k21k22N2 − 30k21k22N − 8k21k22 + 20k21k2N4 − 80k21k2N3
− 71k21k2N2 + 161k21k2N + 6k21k2 − 56k21N3 + 252k21N2 − 216k21N + 20k21 + 4k1k32N3
− 12k1k32N2 − 15k1k32N − 4k1k32 + 20k1k22N4 − 80k1k22N3 − 71k1k22N2 + 161k1k22N
+ 6k1k
2
2 + 16k1k2N
5 − 80k1k2N4 − 212k1k2N3 + 884k1k2N2 − 700k1k2N + 92k1k2
− 176k1N4 + 968k1N3 − 1584k1N2 + 968k1N − 176k1 − 4k32N2 + 14k32N + 8k32 − 56k22N3
+ 252k22N
2 − 216k22N + 20k22 − 176k2N4 + 968k2N3 − 1584k2N2 + 968k2N − 176k2
− 160N5 + 1040N4 − 2368N3 + 2464N2 − 1184N + 208),
A11 =
4
k2(3k2 + 2N − 2)D(k1, k2, N)A1
× (k1 + 2N − 2)(12k41k2N3 − 36k41k2N2 − 45k41k2N − 12k41k2 − 12k41N2 + 42k41N + 24k41
+ 24k31k
2
2N
3 − 72k31k22N2 − 90k31k22N − 24k31k22 + 156k31k2N4 − 624k31k2N3 − 141k31k2N2
+ 513k31k2N + 204k
3
1k2 − 156k31N3 + 702k31N2 − 234k31N − 312k31 + 12k21k32N3 − 36k21k32N2
− 45k21k32N − 12k21k32 + 252k21k22N4 − 1008k21k22N3 − 501k21k22N2 + 1245k21k22N + 120k21k22
+ 608k21k2N
5 − 3040k21k2N4 + 1376k21k2N3 + 4468k21k2N2 − 2900k21k2N − 512k21k2
− 584k21N4 + 3212k21N3 − 4032k21N2 + 764k21N + 640k21 + 96k1k32N4 − 384k1k32N3
− 372k1k32N2 + 774k1k32N − 60k1k32 + 560k1k22N5 − 2800k1k22N4 + 224k1k22N3
+ 6622k1k
2
2N
2 − 5174k1k22N + 568k1k22 + 704k1k2N6 − 4224k1k2N5 + 3928k1k2N4
+ 9076k1k2N
3 − 17808k1k2N2 + 9572k1k2N − 1248k1k2 − 704k1N5 + 4576k1N4
− 10208k1N3 + 10208k1N2 − 4576k1N + 704k1 − 96k32N3 + 432k32N2 − 936k32N
+ 600k32 − 560k22N4 + 3080k22N3 − 7056k22N2 + 7112k22N − 2576k22 − 800k2N5
+ 5200k2N
4 − 14480k2N3 + 20240k2N2 − 13840k2N + 3680k2 − 128N6 + 960N5
− 4416N4 + 10624N3 − 13056N2 + 7872N − 1856),
A12 =
4
k2(3k2 + 2N − 2)(3k2 + 4N − 4)D(k1, k2, N)A1
× (k1 + 2N − 2)(3k1 + 4N − 4)(12k31k22N3 − 36k31k22N2 − 45k31k22N − 12k31k22 + 96k31k2N4
− 384k31k2N3 + 492k31k2N2 − 630k31k2N + 480k31k2 + 336k31N3 − 1512k31N2 + 2088k31N
− 912k31 + 24k21k32N3 − 72k21k32N2 − 90k21k32N − 24k21k32 + 252k21k22N4 − 1008k21k22N3
+ 363k21k
2
2N
2 − 159k21k22N + 660k21k22 + 560k21k2N5 − 2800k21k2N4 + 4688k21k2N3
− 5906k21k2N2 + 6922k21k2N − 3464k21k2 + 1456k21N4 − 8008k21N3 + 16128k21N2
− 14056k21N + 4480k21 + 12k1k42N3 − 36k1k42N2 − 45k1k42N − 12k1k42 + 156k1k32N4
− 624k1k32N3 − 141k1k32N2 + 513k1k32N + 204k1k32 + 608k1k22N5 − 3040k1k22N4
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+ 2384k1k
2
2N
3 + 1012k1k
2
2N
2 + 1420k1k
2
2N − 2384k1k22 + 704k1k2N6 − 4224k1k2N5
+ 7960k1k2N
4 − 8780k1k2N3 + 14880k1k2N2 − 18364k1k2N + 7824k1k2 + 1504k1N5
− 9776k1N4 + 27856k1N3 − 39952k1N2 + 27920k1N − 7552k1 − 12k42N2 + 42k42N
+ 24k42 − 156k32N3 + 702k32N2 − 234k32N − 312k32 − 584k22N4 + 3212k22N3 − 2448k22N2
− 2404k22N + 2224k22 − 704k2N5 + 4576k2N4 − 3872k2N3 − 8800k2N2 + 14432k2N
− 5632k2 − 128N6 + 960N5 + 1920N4 − 14720N3 + 24960N2 − 17472N + 4480),
A13 = − 12
k2(3k2 + 2N − 2)D(k1, k2, N)A1
× (k1 + 2N − 2)(20k31k2N3 − 60k31k2N2 − 75k31k2N − 20k31k2 − 20k31N2 + 70k31N + 40k31
+ 40k21k
2
2N
3 − 120k21k22N2 − 294k21k22N + 50k21k22 + 120k21k2N4 − 480k21k2N3 − 298k21k2N2
+ 878k21k2N − 112k21k2 − 120k21N3 + 540k21N2 − 444k21N + 24k21 + 20k1k32N3 − 60k1k32N2
− 219k1k32N + 70k1k32 + 120k1k22N4 − 480k1k22N3 − 838k1k22N2 + 1688k1k22N − 544k1k22
+ 160k1k2N
5 − 800k1k2N4 − 256k1k2N3 + 3332k1k2N2 − 3580k1k2N + 1144k1k2
− 192k1N4 + 1056k1N3 − 2208k1N2 + 2016k1N − 672k1 − 56k32N2 + 196k32N − 284k32
− 288k22N3 + 1296k22N2 − 2280k22N + 1272k22 − 384k2N4 + 2112k2N3 − 4944k2N2
+ 5088k2N − 1872k2 − 64N5 + 416N4 − 1792N3 + 3520N2 − 3008N + 928),
A14 = − 12
(3k2 + 2N − 2)(3k2 + 4N − 4)D(k1, k2, N)A1
× (k1 + 2N − 2)(3k1 + 4N − 4)(20k31k2N3 − 60k31k2N2 + 69k31k2N − 110k31k2
+ 88k31N
2 − 308k31N + 220k31 + 40k21k22N3 − 120k21k22N2 − 6k21k22N − 130k21k22 + 120k21k2N4
− 480k21k2N3 + 650k21k2N2 − 1000k21k2N + 800k21k2 + 384k21N3 − 1728k21N2 + 2424k21N
− 1080k21 + 20k1k32N3 − 60k1k32N2 − 75k1k32N − 20k1k32 + 120k1k22N4 − 480k1k22N3
+ 38k1k
2
2N
2 + 62k1k
2
2N + 512k1k
2
2 + 160k1k2N
5 − 800k1k2N4 + 1088k1k2N3
− 1276k1k2N2 + 2708k1k2N − 1880k1k2 + 384k1N4 − 2112k1N3 + 4944k1N2 − 5088k1N
+ 1872k1 − 20k32N2 + 70k32N + 40k32 − 120k22N3 + 540k22N2 + 84k22N − 504k22 − 192k2N4
+ 1056k2N
3 − 96k2N2 − 2208k2N + 1440k2 − 64N5 + 416N4 + 320N3 − 2816N2
+ 3328N − 1184),
A15 = − 18
(3k2 + 2N − 2)D(k1, k2, N)A1
× (24k21k22N − 15k21k22 + 28k21k2N2 − 68k21k2N + 52k21k2 + 44k21N − 44k21 + 24k1k32N
− 15k1k32 + 124k1k22N2 − 224k1k22N + 112k1k22 + 112k1k2N3 − 384k1k2N2 + 524k1k2N
− 252k1k2 + 176k1N2 − 352k1N + 176k1 + 12k32N2 − 42k32N + 42k32 + 56k22N3 − 252k22N2
+ 392k22N − 196k22 + 64k2N4 − 352k2N3 + 824k2N2 − 848k2N + 312k2 + 176N3 − 528N2
+ 528N − 176),
A16 = − 18
k2(k2 + 2N − 2)(3k2 + 2N − 2)(3k2 + 4N − 4)D(k1, k2, N)A1
× k1(k1 + 2N − 2)(3k1 + 4N − 4)(24k31k2N − 15k31k2 + 12k31N2 − 42k31N + 42k31
+ 24k21k
2
2N − 15k21k22 + 124k21k2N2 − 224k21k2N + 112k21k2 + 56k21N3 − 252k21N2 + 392k21N
− 196k21 + 28k1k22N2 − 68k1k22N + 52k1k22 + 112k1k2N3 − 384k1k2N2 + 524k1k2N
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− 252k1k2 + 64k1N4 − 352k1N3 + 824k1N2 − 848k1N + 312k1 + 44k22N − 44k22 + 176k2N2
− 352k2N + 176k2 + 176N3 − 528N2 + 528N − 176),
A17 = − 36
k2(3k2 + 2N − 2)D(k1, k2, N)A1
× (k1 + 2N − 2)(3k1 + 4N − 4)(8k21k2N − 5k21k2 + 22k21 + 8k1k22N − 5k1k22 + 28k1k2N2
− 38k1k2N + 50k1k2 + 88k1N − 88k1 + 22k22 + 88k2N − 88k2 + 88N2 − 176N + 88),
A18 =
72
k2(3k2 + 2N − 2)D(k1, k2, N)A1
× (k1 + 2N − 2)(24k21k22N − 15k21k22 + 28k21k2N2 − 68k21k2N + 52k21k2 + 44k21N − 44k21
+ 24k1k
3
2N − 15k1k32 + 124k1k22N2 − 224k1k22N + 112k1k22 + 112k1k2N3 − 384k1k2N2
+ 524k1k2N − 252k1k2 + 176k1N2 − 352k1N + 176k1 + 12k32N2 − 42k32N + 42k32 + 56k22N3
− 252k22N2 + 392k22N − 196k22 + 64k2N4 − 352k2N3 + 824k2N2 − 848k2N + 312k2
+ 176N3 − 528N2 + 528N − 176),
A19 =
72
k2(3k2 + 2N − 2)(3k2 + 4N − 4)D(k1, k2, N)A1
× (k1 + 2N − 2)(3k1 + 4N − 4)(24k31k2N − 15k31k2 + 12k31N2 − 42k31N + 42k31 + 24k21k22N
− 15k21k22 + 124k21k2N2 − 224k21k2N + 112k21k2 + 56k21N3 − 252k21N2 + 392k21N − 196k21
+ 28k1k
2
2N
2 − 68k1k22N + 52k1k22 + 112k1k2N3 − 384k1k2N2 + 524k1k2N − 252k1k2
+ 64k1N
4 − 352k1N3 + 824k1N2 − 848k1N + 312k1 + 44k22N − 44k22 + 176k2N2 − 352k2N
+ 176k2 + 176N
3 − 528N2 + 528N − 176),
A20 = − 72
k2(3k2 + 2N − 2)D(k1, k2, N)A1
× (k1 + 2N − 2)(3k1 + 4N − 4)(8k21k2N − 5k21k2 + 6k21N2 − 21k21N + 10k21 + 8k1k22N
− 5k1k22 + 40k1k2N2 − 80k1k2N + 26k1k2 + 28k1N3 − 126k1N2 + 130k1N − 32k1 + 6k22N2
− 21k22N + 10k22 + 28k2N3 − 126k2N2 + 130k2N − 32k2 + 32N4 − 176N3 + 280N2
− 160N + 24). (D.1)
Here one introduces the common factor which appears in the denominator in Appendix (D.1)
as
D(k1, k2, N) ≡ (40k1k2N3 + 176N3 + 10k1k22N2 + 176k1N2 + 10k21k2N2 − 60k1k2N2
− 528N2 + 44k21N − 5k1k22N + 44k22N − 352k1N − 5k21k2N + 152k1k2N
− 352k2N + 528N − 44k21 + 22k1k22 − 44k22 + 176k1 + 22k21k2 − 132k1k2
− 176 + 176k2N2 + 176k2). (D.2)
In this paper, we consider the two cases where k1 = 1 and k1 = 2N − 2 with arbitrary k2,
although the most general case is an interesting subject.
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E The coefficients appearing in (2.14), which depend
on k2 and N when k1 = 1
The above coefficients in Appendix (D.1) and Appendix (D.2), for the critical level k1 = 1,
are given by
A2 = −4(2N − 1)
k2
A1,
A3 =
6(2N − 1)(4N − 1)
k2(3k2 + 2N − 2) A1,
A4 = − 4(2N − 1)(2N + 1)(4N − 1)
k2(3k2 + 2N − 2)(3k2 + 4N − 4)A1,
A5 =
(2N − 1)(2N + 1)(4N − 1)
k2(k2 + 2N − 2)(3k2 + 2N − 2)(3k2 + 4N − 4)A1,
A6 =
6
(3k2 + 2N − 2)d(1, k2, N)A1(18k
3
2N
3 − 21k32N2 − 138k32N + 114k32 + 100k22N4
− 232k22N3 − 555k22N2 + 1055k22N − 422k22 + 112k2N5 − 316k2N4
− 726k2N3 + 2366k2N2 − 1877k2N + 468k2 + 32N5
− 288N4 + 1264N3 − 1664N2 + 870N − 160),
A7 = − 4
(3k2 + 2N − 2)d(1, k2, N)A1(18k
3
2N
3 − 21k32N2 − 138k32N + 114k32 + 100k22N4
− 232k22N3 − 555k22N2 + 1055k22N − 422k22 + 112k2N5
− 316k2N4 − 726k2N3 + 2366k2N2 − 1877k2N + 468k2
+ 32N5 − 288N4 + 1264N3 − 1664N2 + 870N − 160),
A8 =
6(2N − 1)(2N + 1)(4N − 1)
k2(k2 + 2N − 2)(3k2 + 2N − 2)(3k2 + 4N − 4)d(1, k2, N)A1
× (3k42N − 12k42 + 24k32N2 − 114k32N + 72k32
+ 62k22N
3 − 333k22N2 + 402k22N − 122k22 + 56k2N4
− 318k2N3 + 555k2N2 − 317k2N + 42k2 + 16N4 − 32N3 + 60N2 − 64N + 20),
A9 = − 4(2N − 1)(2N + 1)(4N − 1)
k2(k2 + 2N − 2)(3k2 + 2N − 2)(3k2 + 4N − 4)d(1, k2, N)A1
× (3k42N − 12k42 + 24k32N2 − 114k32N + 72k32 + 62k22N3
− 333k22N2 + 402k22N − 122k22 + 56k2N4 − 318k2N3
+ 555k2N
2 − 317k2N + 42k2 + 16N4 − 32N3 + 60N2 − 64N + 20),
A10 = − 12(2N − 1)(4N − 1)
k2(3k2 + 2N − 2)d(1, k2, N)A1
× (2k32N2 − 7k32N − 4k32 + 10k22N3 − 59k22N2 + 49k22N
56
− 18k22 + 8k2N4 − 114k2N3 + 283k2N2 − 250k2N + 82k2
− 80N4 + 392N3 − 532N2 + 298N − 60),
A11 =
4
k2(3k2 + 2N − 2)d(1, k2, N)A1(96k
3
2N
4 − 468k32N3 + 24k32N2
− 207k32N + 528k32 + 560k22N5 − 3108k22N4 + 2320k22N3
− 1007k22N2 + 3093k22N − 1912k22 + 704k2N6 − 4416k2N5
+ 6244k2N
4 − 4640k2N3 + 6723k2N2 − 6700k2N + 2112k2
− 128N6 + 256N5 − 424N4 + 3472N3 − 6190N2 + 3868N − 800),
A12 =
4(2N − 1)(2N + 1)(4N − 1)
k2(3k2 + 2N − 2)(3k2 + 4N − 4)d(1, k2, N)A1
× (3k42N − 12k42 + 39k32N2 − 189k32N + 132k32
+ 152k22N
3 − 843k22N2 + 1188k22N − 488k22 + 176k2N4
− 1092k2N3 + 2502k2N2 − 2360k2N + 792k2 − 32N4
+ 616N3 − 1608N2 + 1520N − 496),
A13 = − 12
k2(3k2 + 2N − 2)d(1, k2, N)A1
× (20k32N3 − 116k32N2 − 23k32N − 214k32 + 120k22N4
− 728k22N3 + 338k22N2 − 886k22N + 778k22 + 160k2N5
− 1064k2N4 + 1396k2N3 − 1970k2N2 + 2311k2N − 860k2
− 64N5 + 224N4 − 856N3 + 1832N2 − 1366N + 320),
A14 = − 12(2N − 1)(2N + 1)(4N − 1)
k2(3k2 + 2N − 2)(3k2 + 4N − 4)d(1, k2, N)A1
× (5k32N − 20k32 + 30k22N2 − 140k22N + 122k22 + 40k2N3
− 218k2N2 + 431k2N − 250k2 − 16N3 + 200N2 − 356N + 172),
A15 = − 18
(2N − 1)(3k2 + 2N − 2)d(1, k2, N)A1(12k
3
2N
2 − 18k32N + 27k32
+ 56k22N
3 − 128k22N2 + 192k22N − 99k22 + 64k2N4
− 240k2N3 + 468k2N2 − 392k2N + 112k2 + 176N3
− 352N2 + 220N − 44),
A16 = − 18(2N − 1)(2N + 1)(4N − 1)
k2(k2 + 2N − 2)(3k2 + 2N − 2)(3k2 + 4N − 4)d(1, k2, N)A1
× (7k22 + 28k2N − 21k2 + 16N2 − 30N + 18),
A17 = − 36(4N − 1)
k2(3k2 + 2N − 2)d(1, k2, N)A1
× (8k22N + 17k22 + 28k2N2 + 58k2N − 43k2 + 88N2 − 88N + 22),
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A18 =
72
k2(3k2 + 2N − 2)d(1, k2, N)A1(12k
3
2N
2 − 18k32N + 27k32
+ 56k22N
3 − 128k22N2 + 192k22N − 99k22 + 64k2N4
− 240k2N3 + 468k2N2 − 392k2N + 112k2 + 176N3
− 352N2 + 220N − 44),
A19 =
72(2N − 1)(2N + 1)(4N − 1)
k2(3k2 + 2N − 2)(3k2 + 4N − 4)d(1, k2, N)A1
× (7k22 + 28k2N − 21k2 + 16N2 − 30N + 18),
A20 = − 72(2N − 1)(4N − 1)
k2(3k2 + 2N − 2)d(1, k2, N)A1
× (3k22N − 5k22 + 14k2N2 − 36k2N + 11k2 + 16N3 − 66N2 + 47N − 2). (E.1)
The simplified notation is used
d(1, k2, N) = (5k
2
2N + 22k
2
2 + 20k2N
2 + 73k2N − 66k2 + 88N2 − 132N + 44). (E.2)
For the computation of the three-point functions with finite N and k2 corresponding to (2.74),
the above expression is needed.
Under the large ’t Hooft limit (2.30), the coefficients in Appendix (E.1) with (E.2) become
A2 =
4λ
(λ− 1)A1, A3 =
12λ2
(λ− 1)(2λ− 3)A1,
A4 =
8λ3
(λ− 3)(λ− 1)(2λ− 3)A1, A5 = −
1
N
λ4
(λ− 3)(2λ− 3)(λ− 1)A1,
A6 = N
2 12(2λ− 9)
5(2λ− 3) A1, A7 = −N
2 8(2λ− 9)
5(2λ− 3)A1,
A8 = −N 12λ
2 (λ2 + 6)
5(λ− 3)(λ− 1)(2λ− 3)A1, A9 = −N
12λ2 (λ2 + 6)
5(λ− 3)(λ− 1)(2λ− 3)A1,
A10 = N
2 48(λ− 2)λ
5(λ− 1)(2λ− 3)A1, A11 = −N
2 16(λ− 12)λ
5(λ− 1)(2λ− 3)A1,
A12 = −N2 16λ (λ
2 + 15λ+ 6)
5(λ− 3)(λ− 1)(2λ− 3)A1, A13 = −N
24λ
(λ− 1)(2λ− 3)A1,
A14 = N
48λ2
(λ− 3)(λ− 1)(2λ− 3)A1, A15 =
36(λ+ 3)
5(λ+ 1)(2λ− 3)A1,
A16 =
1
N2
18λ4 (3λ2 − 7)
5(λ− 3)(λ+ 1)(2λ− 3)(λ− 1)2A1,
A17 = − 1
N
72λ2(3λ+ 4)
5(λ+ 1)(2λ− 3)(λ− 1)A1, A18 =
144λ(λ+ 3)
5(λ− 1)(λ+ 1)(2λ− 3)A1,
A19 = − 1
N
144λ3 (3λ2 − 7)
5(λ− 3)(λ− 1)2(λ+ 1)(2λ− 3)A1,
58
A20 =
144λ2(λ+ 3)
5(λ− 1)2(λ+ 1)(2λ− 3)A1. (E.3)
The nineteen coefficients are given by A1 coefficient. By recognizing the explicit N behavior
of the above coefficients, one can extract the leading behavior of the zero mode of the higher
spin 4 current by considering the N behavior of the various zero modes consisting of the
higher spin 4 current. For example, (2.44) and (2.68).
F The coefficients appearing in (2.14), which depend
on k2 and N when k1 = 2N − 2
The above coefficients in Appendix (D.1) and Appendix (D.2), for the critical level k1 =
2N − 2, are given by
A2 = −16(N − 1)
k2
A1,
A3 =
240(N − 1)2
k2(3k2 + 2N − 2)A1,
A4 = − 1280(N − 1)
3
k2(3k2 + 2N − 2)(3k2 + 4N − 4)A1,
A5 =
640(N − 1)4
k2(k2 + 2N − 2)(3k2 + 2N − 2)(3k2 + 4N − 4)A1,
A6 =
6
(3k2 + 2N − 2)d(k2, N)A1
× (60k32N4 − 240k32N3 + 123k32N2 − 153k32N + 300k32 + 560k22N5
− 2800k22N4 + 2860k22N3 − 920k22N2 + 2620k22N − 2320k22 + 1200k2N6
− 7200k2N5 + 10476k2N4 − 1788k2N3 + 468k2N2 − 8676k2N + 5520k2
− 1024N5 + 6656N4 − 9664N3 − 704N2 + 8896N − 4160),
A7 = − 4
(3k2 + 2N − 2)d(k2, N)A1(60k
3
2N
4 − 240k32N3 + 123k32N2 − 153k32N
+ 300k32 + 560k
2
2N
5 − 2800k22N4 + 2860k22N3 − 920k22N2
+ 2620k22N − 2320k22 + 1200k2N6 − 7200k2N5 + 10476k2N4
− 1788k2N3 + 468k2N2 − 8676k2N + 5520k2 − 1024N5 + 6656N4
− 9664N3 − 704N2 + 8896N − 4160),
A8 =
480
k2(k2 + 2N − 2)(3k2 + 2N − 2)(3k2 + 4N − 4)d(k2, N)A1
× (N − 1)2(12k42N4 − 48k42N3 − 15k42N2
+ 54k42N + 24k
4
2 + 144k
3
2N
5 − 720k32N4 + 396k32N3
+ 828k32N
2 − 360k32N − 288k32 + 560k22N6 − 3360k22N5 + 4772k22N4
+ 24k22N
3 − 1932k22N2 − 1856k22N + 1792k22 + 768k2N7
− 5376k2N6 + 13152k2N5 − 16176k2N4 + 17424k2N3 − 22224k2N2
59
+ 18000k2N − 5568k2 + 1280N6 − 9600N5 + 31488N4 − 55552N3
+ 54528N2 − 28032N + 5888),
A9 = − 320(N − 1)
2
k2(k2 + 2N − 2)(3k2 + 2N − 2)(3k2 + 4N − 4)d(k2, N)A1
× (12k42N4 − 48k42N3 − 15k42N2 + 54k42N + 24k42 + 144k32N5
− 720k32N4 + 396k32N3 + 828k32N2 − 360k32N − 288k32
+ 560k22N
6 − 3360k22N5 + 4772k22N4 + 24k22N3 − 1932k22N2
− 1856k22N + 1792k22 + 768k2N7 − 5376k2N6 + 13152k2N5
− 16176k2N4 + 17424k2N3 − 22224k2N2 + 18000k2N − 5568k2
+ 1280N6 − 9600N5 + 31488N4 − 55552N3 + 54528N2 − 28032N + 5888),
A10 = − 480(N − 1)
k2(3k2 + 2N − 2)d(k2, N)A1(4k
3
2N
4 − 16k32N3 − 5k32N2
+ 18k32N + 8k
3
2 + 36k
2
2N
5 − 180k22N4 + 33k22N3
+ 414k22N
2 − 291k22N − 12k22 + 72k2N6 − 432k2N5
+ 130k2N
4 + 2030k2N
3 − 3234k2N2 + 1586k2N − 152k2
− 384N5 + 2496N4 − 5472N3 + 5280N2 − 2208N + 288),
A11 =
32(N − 1)
k2(3k2 + 2N − 2)d(k2, N)A1(60k
3
2N
4 − 240k32N3 − 219k32N2
+ 504k32N − 168k32 + 580k22N5 − 2900k22N4 + 635k22N3
+ 5855k22N
2 − 4930k22N + 760k22 + 1320k2N6 − 7920k2N5
+ 9102k2N
4 + 9084k2N
3 − 20970k2N2 + 9960k2N − 576k2
− 1328N5 + 8632N4 − 17384N3 + 13640N2 − 3016N − 544),
A12 =
160(N − 1)
k2(3k2 + 2N − 2)(3k2 + 4N − 4)d(k2, N)A1(12k
4
2N
4 − 48k42N3 − 15k42N2
+ 54k42N + 24k
4
2 + 204k
3
2N
5 − 1020k32N4 + 561k32N3
+ 1173k32N
2 − 510k32N − 408k32 + 1160k22N6 − 6960k22N5
+ 10790k22N
4 − 3540k22N3 + 1614k22N2 − 7928k22N + 4864k22
+ 2208k2N
7 − 15456k2N6 + 41256k2N5 − 64032k2N4 + 85488k2N3
− 99360k2N2 + 69384k2N − 19488k2 + 5696N6 − 42720N5
+ 136320N4 − 232000N3 + 219840N2 − 109536N + 22400),
A13 = − 48
k2(3k2 + 2N − 2)d(k2, N)A1(20k
3
2N
4 − 80k32N3 − 187k32N2
+ 387k32N − 212k32 + 200k22N5 − 1000k22N4 − 530k22N3
+ 4210k22N
2 − 4160k22N + 1280k22 + 480k2N6 − 2880k2N5
+ 2576k2N
4 + 6652k2N
3 − 14136k2N2 + 9532k2N − 2224k2
− 544N5 + 3536N4 − 8368N3 + 9328N2 − 4976N + 1024),
A14 = − 480(N − 1)
k2(3k2 + 2N − 2)(3k2 + 4N − 4)d(k2, N)A1(20k
3
2N
4 − 80k32N3
− 25k32N2 + 90k32N + 40k32 + 200k22N5 − 1000k22N4
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+ 1006k22N
3 − 182k22N2 + 1000k22N − 1024k22 + 480k2N6
− 2880k2N5 + 6488k2N4 − 9464k2N3 + 13224k2N2 − 12488k2N
+ 4640k2 + 1472N
5 − 9568N4 + 25376N3 − 33440N2 + 21664N − 5504),
A15 = − 36
(N − 1)(3k2 + 2N − 2)d(k2, N)A1(15k
3
2N
2 − 30k32N + 18k32
+ 100k22N
3 − 300k22N2 + 320k22N − 120k22 + 100k2N4
− 460k2N3 + 876k2N2 − 772k2N + 256k2 + 176N3 − 528N2 + 528N − 176),
A16 = − 2880(N − 1)
3
k2(k2 + 2N − 2)(3k2 + 2N − 2)(3k2 + 4N − 4)d(k2, N)A1
× (38k22N2 − 73k22N + 52k22 + 228k2N3 − 666k2N2
+ 750k2N − 312k2 + 112N4 − 616N3 + 1376N2 − 1352N + 480),
A17 = − 1440(N − 1)
k2(3k2 + 2N − 2)d(k2, N)A1(8k
2
2N
2 − 13k22N + 16k22
+ 44k2N
3 − 108k2N2 + 168k2N − 104k2 + 176N2 − 352N + 176),
A18 =
144(N + 2)
k2(3k2 + 2N − 2)A1
× 1
(30k22N
2 + 7k22N + 44k
2
2 + 120k2N
3 + 88k2N2 + 190k2N + 88k2 + 88N3 + 264N2 − 352)
× (6k32N2 + 51k32N − 24k32 + 28k22N3 + 246k22N2 − 44k22N
− 32k22 + 32k2N4 + 160k2N3 − 236k2N2 − 76k2N + 336k2 + 88N3 + 264N2 − 352),
A19 =
5760(N − 1)2
k2(3k2 + 2N − 2)(3k2 + 4N − 4)d(k2, N)A1(38k
2
2N
2 − 73k22N + 52k22
+ 228k2N
3 − 666k2N2 + 750k2N − 312k2 + 112N4
− 616N3 + 1376N2 − 1352N + 480),
A20 = − 1440(N − 1)
k2(3k2 + 2N − 2)d(k2, N)A1(22k
2
2N
2 − 47k22N + 20k22 + 140k2N3
− 450k2N2 + 414k2N − 104k2 + 112N4 − 616N3 + 1024N2 − 648N + 128), (F.1)
where the simplified notation
d(k2, N) =
(10k22N
2 − 5k22N + 44k22 + 60k2N3 − 90k2N2 + 294k2N − 264k2 + 352N2
−704N + 352), (F.2)
is used. Also one can use these coefficients for the finite N behavior in the N = 1 coset model
corresponding to (3.14).
The coefficients in Appendix (F.1) and Appendix (F.2) under the large ’t Hooft limit
(2.30) lead to
A2 =
8λ
(λ− 1)A1, A3 =
60λ2
(λ− 1)(2λ− 3)A1,
61
A4 =
160λ3
(λ− 3)(λ− 1)(2λ− 3)A1, A5 = −
40λ4
(λ− 3)(λ− 1)(2λ− 3)A1,
A6 = −N2 12(2λ+ 3)
(2λ− 3) A1, A7 = N
2 8(2λ+ 3)
(2λ− 3) A1,
A8 = −N2 48λ
2 (2λ2 + 3λ+ 3)
(λ− 3)(λ− 1)(2λ− 3)A1, A9 = N
2 32λ
2 (2λ2 + 3λ+ 3)
(λ− 3)(λ− 1)(2λ− 3)A1,
A10 = −N2 48λ(λ+ 2)
(λ− 1)(2λ− 3)A1, A11 = N
2 16λ(5λ+ 6)
(λ− 1)(2λ− 3)A1,
A12 = −N2 16λ (19λ
2 + 21λ+ 6)
(λ− 3)(λ− 1)(2λ− 3)A1, A13 = −N
48λ(λ+ 1)
(λ− 1)(2λ− 3)A1,
A14 = N
240λ2(λ+ 1)
(λ− 3)(λ− 1)(2λ− 3)A1, A15 = −
1
N
18 (2λ2 − 4λ− 3)
(2λ− 3)(2λ+ 1) A1,
A16 =
1
N
36λ4 (24λ2 − 19λ− 19)
(λ− 3)(λ− 1)2(2λ− 3)(2λ+ 1)A1,
A17 = − 1
N
72λ2(7λ+ 4)
(2λ− 3)(2λ+ 1)(λ− 1)A1, A18 = −
1
N
144λ (2λ2 − 4λ− 3)
(2λ− 3)(2λ+ 1)(λ− 1)A1,
A19 = − 1
N
144λ3 (24λ2 − 19λ− 19)
(λ− 3)(λ− 1)2(2λ− 3)(2λ+ 1)A1,
A20 = − 1
N
72λ2 (10λ2 − 13λ− 11)
(λ− 1)2(2λ− 3)(2λ+ 1)A1. (F.3)
The nineteen coefficients are given by A1 coefficient. One can analyze the N behavior on
these coefficients explicitly as done before and they will contribute to the various eigenvalue
equations (and three-point functions) in (3.14).
G The OPEs between the spin 3
2
current and various
spin 4 currents
One presents the various OPEs between the spin 3
2
current in (3.7) and various higher spin 4
currents in (2.14)
Gˆ(z) dabcdJaJbJcJd(w)
∣∣∣∣∣
1
(z−w)2
= dabcd
(
− k2ψaJbJcJd + f bb′d′fab′c′(ψd′Kc′)(JcJd)
+f cb
′d′fab
′c′Jb(ψd
′
Kc
′
)Jd + f bc
′d′fdc
′eJaJcψeKd
′
+ fdb
′d′fab
′c′JbJcψd
′
Kc
′ − k2JaψbJcJd
+f bc
′d′f cc
′eJa(ψeKd
′
)Jd − 2k2JaJbψcJd + f cd′e′fdd′fJaJbψfKe′
)
,
Gˆ(z) dbcdeJbJcJdKe(w)
∣∣∣∣∣
1
(z−w)2
= dabcd
(
k2ψ
dJaJbJc − faed′fdef(ψd′Kf )(JbJc)
−f bed′fdefJa(ψd′Kf )Jc − f ced′fdefJaJbψd′Kf − k2KdψaJbJc + fac′d′f bc′eKd(ψeKd′)Jc
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+fac
′d′f cc
′eKdJbψeKd
′ − 2k2KdJaψbJc + f bd′e′f cd′fKdJaψfKe′
)
,
Gˆ(z) dbcdeJbJcKdKe(w)
∣∣∣∣∣
1
(z−w)2
= dabcd
(
− k2ψaJbKcKd + faeff beg(ψgKf )(KcKd)
+f cfgfaefJb(ψeKg)Kd + faeffdfgJbKcψeKg − k2JaψbKcKd + dabcdf beff cfgJa(ψeKg)Kd
+f beffdfgJaKcψeKg + 2k2J
aJbψcKd − f ceffdfgJaJbψeKg
)
,
Gˆ(z) dbcdeJbKcKdKe(w)
∣∣∣∣∣
1
(z−w)2
= dabcd
(
− k2ψaKbKcKd + faeff bfg(ψeKg)(KcKd)
+f cfgfaefKb(ψeKg)Kd + faeffdfgKbKcψeKg + k2J
aψbKcKd − f beff cfgJa(ψeKg)Kd
−f beffdfgJaKcψeKg + 2k2JaKbψcKd − f ceffdfgJaKbψeKg
)
,
Gˆ(z) dbcdeKbKcKdKe(w)
∣∣∣∣∣
1
(z−w)2
= dabcd
(
k2ψ
aKbKcKd − faeff bfg(ψeKg)(KcKd)
−faeff cfgKb(ψeKg)Kd − faeffdfgKbKcψeKg + k2KaψbKcKd − f beff cfgKa(ψeKg)Kd
−f beffdfgKaKcψeKg + 2k2KaKbψcKd − f ceffdfgKaKbψeKg
)
,
Gˆ(z) ∂Ja∂Ja(w)
∣∣∣∣∣
1
(z−w)2
= −2k2∂ψa∂Ja − fabc(ψbKc)∂Ja − 2k2∂Ja∂ψa − fabc∂JaψbKc,
Gˆ(z) ∂2JaJa(w)
∣∣∣∣∣
1
(z−w)2
= −3k2∂2ψaJa − 2fabc∂(ψbKc)Ja − k2∂2Jaψa,
Gˆ(z) ∂Ka∂Ka(w)
∣∣∣∣∣
1
(z−w)2
= 2k2∂ψ
a∂Ka + fabc(ψbKc)∂Ka + 2k2∂K
a∂ψa + fabc∂KaψbKc,
Gˆ(z) ∂2KaKa(w)
∣∣∣∣∣
1
(z−w)2
= 3k2∂
2ψaKa + 2fabc∂(ψbKc)Ka + k2∂
2Kaψa,
Gˆ(z) ∂Ja∂Ka(w)
∣∣∣∣∣
1
(z−w)2
= −2k2∂ψa∂Ka − fabc(ψbKc)∂Ka + 2k2∂Ja∂ψa + fabc∂JaψbKc,
Gˆ(z) ∂2JaKa(w)
∣∣∣∣∣
1
(z−w)2
= −3k2∂2ψaKa − 2fabc∂(ψbKc)Ka + k2∂2Jaψa,
Gˆ(z)Ja∂2Ka(w)
∣∣∣∣∣
1
(z−w)2
= −k2ψa∂2Ka − 2(2N − 2)∂2(ψaKa) + 3k2Ja∂2ψa
+2fabcJa∂(ψbKc),
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Gˆ(z) fabcJa∂JbKc(w)
∣∣∣∣∣
1
(z−w)2
= −k2fabcψa∂JbKc − (2N − 2)f ecf∂(ψfKe)Kc
+(2N − 2)fdfb∂JbψdKf
−2k2fabcJa∂ψbKc − f bdefabcJa(ψdKe)Kc + k2fabcJa∂Jbψc + 2k2(2N − 2)∂Ja∂ψa,
Gˆ(z) fabcJaKb∂Kc(w)
∣∣∣∣∣
1
(z−w)2
= −k2fabcψaKb∂Kc − (2N − 2)fabc(ψaKb)∂Kc
+(2N − 2)fabcKa∂(ψbKc) + k2fabcJaψb∂Kc + 2k2(2N − 2)Ja∂2ψa + 2k2(2N − 2)Ka∂2ψa
+(2N − 2)fabcJa∂(ψbKc) + 2k2fabcJaKb∂ψc + fabcf cdeJaKbψdKe − 2k2(2N − 2)∂ψa∂Ka,
Gˆ(z)JaJaJbJb(w)
∣∣∣∣∣
1
(z−w)2
= −k2ψaJaJbJb + 2(2N − 2)(ψaKa)(JbJb) + 2(2N − 2)JaJaψbKb
+2facdf bceJa(ψeKd)Jb + 2facdf bceJaJbψeKd − k2JaψaJbJb − k2JaJaψbJb − k2JaJaJbψb,
Gˆ(z)KaKaKbKb(w)
∣∣∣∣∣
1
(z−w)2
= k2ψ
aKaKbKb + 2(2N − 2)(ψaKa)(KbKb)
−4k2fabcKa∂ψbKc − fabcf cdeKd(ψeKa)Kb − 2fabcf cdeKaKeψbKd + k2KaψaKbKb
−fabcf cdeKa(ψbKd)Ke + 2(k2 + 2N − 2)KaKaψbKb,
Gˆ(z)JaJaKbKb(w)
∣∣∣∣∣
1
(z−w)2
= −2k2ψaJaKbKb + 2(2N − 2)(ψaKa)(KbKb)
+4k2f
abcJa∂ψbKc + 2facdf bdeJa(ψcKe)Kb + 2facdf bdeJaKbψcKe
+2(k2 + 2N − 2)JaJaψbKb,
Gˆ(z)JaJaJbKb(w)
∣∣∣∣∣
1
(z−w)2
= −2k2ψaJaJbKb + 2(2N − 2)(ψaKa)(JbKb)
+2facdf bceJa(ψeKd)Kb + 2k2f
acbJaJb∂ψc + 2facdf bdeJaJbψcKe − k2JaJaψbKb
−2(2N − 2)JaJaψbKb + k2JaJaJbψb,
Gˆ(z)JaKaKbKb(w)
∣∣∣∣∣
1
(z−w)2
= −k2ψaKaKbKb − 2(2N − 2)(ψaKa)(KbKb)
+k2f
acbKa∂ψcKb + facdf bdeKa(ψcKe)Kb + k2f
acbKaKb∂ψc + facdf bdeKaKbψcKe
+k2J
aψaKbKb − k2fabcJa∂ψbKc − facdf bdeJa(ψcKe)Kb + k2fabcJaKb∂ψc
−facdf bdeJaKbψcKe + 2(k2 + 2N − 2)JaKaψbKb,
Gˆ(z)JaJbKaKb(w)
∣∣∣∣∣
1
(z−w)2
= −k2ψaJbKaKb + facdf bce(ψeKd)(KaKb)
−2(2N − 2)Ja(ψbKb)Ka + 2k2facbJbKa∂ψc + facdf bdeJbKaψcKe − k2JaψbKaKb
+f bcdfadeJa(ψcKe)Kb − 2(2N − 2)JaKaψbKb
+k2J
aJbψaKb − k2facbJaJb∂ψc − facdf bdeJaJbψcKe + k2JaJbKaψb. (G.1)
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Note that the field dabcdψaJ bJcJd(w) has the coefficient (−4k2A1 + k2A2) which becomes
−4(−4 + k2 + 4N)A1 using Appendix (F.1). Further arrangement for the normal ordered
product is needed to express singular terms in simple form. In principle, one can obtain the
higher spin 7
2
current (3.15) by simplifying the above results in Appendix (G.1).
H The OPEs between the diagonal spin 1 current and
various spin 7
2
currents
The OPE between diagonal spin 1 current (3.3) and the various higher spin 7
2
currents in
(3.16) can be written as
J ′a(z) dbcdeψbJcJdJe(w) =
1
(z − w)4 2(4N
2 − 14N + 22)(2N − 2)ψa(w)
− 1
(z − w)3 4(4N
2 − 14N + 22)(2N − 2)∂ψa(w) + 1
(z − w)2
[
2(2N − 2)(2N2 − 7N + 11)∂2ψa
−14(N − 1)dabcdψbJcJd − 12ψaJbJb + 12ψbJbJa + 6(2N2 − 7N + 13)fabcψb∂Jc
]
(w) + · · · ,
J ′a(z) dbcdef bfgf cfhJdJeψgKh(w) = − 1
(z − w)3 4(N − 1)(2N
2 − 7N + 11)fabcψbKc(w)
+
1
(z − w)2
[
8
3
(2N − 2)(N − 1)dabcdψbJcKd + 4
3
k2(N − 1)dabcdψbJcJd
−4
3
(N − 1)dcdebf baff fgcψgJdKe − 4
3
(N − 1)ddcebf baff fhdJcψhKe
−4
3
(N − 1)dbcdefacff fdgψbJgKe − 4k2(N − 1)(2N2 − 7N + 11)∂2ψa
+4fabcf cdeψeJbKd − 44
3
(N − 1)(2N2 − 7N + 11)fabc∂ψbKc
−8(2N − 2)ψbJbKa − 24(2N − 2)ψaJbKb − 8k2ψbJaJb − 10
3
k2(2N
2 − 7N + 11)fabcψb∂Jc
+32(2N − 2)ψbJaKb + 8k2ψaJbJb + 2
3
(10N2 − 35N + 49)fabcf cdeψdJbKe
]
(w) + · · · ,
J ′a(z) dbcdeJbKcψdKe(w) =
1
(z − w)2
[
dbcdef fcgfabfψgKdKe
−(2N − 2)dabcdψbKcKd + dbcdefadff fegψbJcKg − 2k2dabcdψbJcKd
]
(w) + · · · ,
J ′a(z) dbcdef bfgf cfhKdKeψgKh(w) = − 1
(z − w)4 8k2(N − 1)(2N
2 − 7N + 11)ψa
+
1
(z − w)3 4(N − k2 − 1)(2N
2 − 7N + 11)fabcψbKc
+
1
(z − w)2
[
4k2(N − 1)dabcdψbKcKd − 4
3
(N − 1)dbcdefacff fdgψbKgKe
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−8
3
(N − 1)dbcdefadff fegψbKcKg − 4(2k2 + 2(2N − 2))ψbKbKa
+(4(k2 + 2N − 2) + (2N − 5)(2N − 2)(k2 + 2N − 2)− 2
3
(2N − 5)(2N − 2)2)fabcψb∂Kc
+(4 + (2N − 2)(2N − 5))fabcf cdeψeKdKb + 4(2k2 + 2(2N − 2))ψbKaKb
−8fabcf cdeψdKbKe
]
(w) + · · · ,
J ′a(z)JbψbJcJc(w) =
1
(z − w)4 4(2N − 2)
2ψa(w)− 1
(z − w)3 8(2N − 2)
2∂ψa(w)
+
1
(z − w)2
[
− 3(2N − 2)ψaJbJb + 2(2N − 2)fabcψb∂Jc
+2(2N − 2)2∂2ψa − 4(2N − 2)ψbJbJa
]
(w) + · · · ,
J ′a(z)KbKbψcKc(w) =
1
(z − w)4 2k2(2N − 2)ψ
a(w)
+
1
(z − w)3 (2k2 − 2(2N − 2))f
abcψbKc(w)
+
1
(z − w)2
[
− (2k2 + 2(2N − 2))ψbKaKb + 2fabcf cdeψdKbKe − k2ψaKbKb
]
(w) + · · · ,
J ′a(z)JbJbψcKc(w) =
1
(z − w)3 2(2N − 2)f
abcψbKc(w)
+
1
(z − w)2
[
− 4(2N − 2)ψbJaKb − k2ψaJbJb + k2(2N − 2)∂2ψa
+2(2N − 2)fabc∂ψbKc − 2fabcf cdeψdJbKe + 2k2fabcψb∂Jc
]
(w) + · · · ,
J ′a(z)JbJbψcJc(w) =
1
(z − w)4 6(2N − 2)
2ψa(w)− 1
(z − w)3 12(2N − 2)
2∂ψa(w)
+
1
(z − w)2
[
− 3(2N − 2)ψaJbJb + 3(2N − 2)2∂2ψa
−4(2N − 2)ψbJbJa − 2(2N − 2)fabcψb∂Jc
]
(w) + · · · ,
J ′a(z)ψbKbKcKc(w) = − 1
(z − w)3 (2k2 + 2(2N − 2))f
abcψbKc(w)
+
1
(z − w)2
[
− k2ψaKbKb − (2k2 + 2(2N − 2))ψbKbKa
]
(w) + · · · ,
J ′a(z) f bcdfdefKbKfψcKe(w) = − 1
(z − w)4 4(2N − 2)
2k2ψ
a(w)
+
1
(z − w)3 (2N − 2)(−2k2 + (2N − 2))f
abcψbKc(w)
+
1
(z − w)2
[
(2N − 2)(k2 + (2N − 2))fabcψb∂Kc + (2N − 2)fabcf cdeψeKdKb
]
(w) + · · · ,
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J ′a(z)JbψbKcKc(w) =
1
(z − w)2
[
− 3(2N − 2)ψaKbKb − (2k2 + 2(2N − 2))ψbJbKa
]
(w)
+ · · · ,
J ′a(z)ψbJcKbKc(w) =
1
(z − w)2
[
fabcf cdeψeKbKd − (2N − 2)ψbKbKa
−k2ψaJbKb + fabcf cdeψbJdKe − k2ψbJaKb
]
(w) + · · · ,
J ′a(z)JbJcψbKc(w) =
1
(z − w)2
[
− k2(2N − 2)∂2ψa + fabcf cdeψeJbKd
−4(2N − 2)fabc∂ψbKc − (2N − 2)ψbJbKa − 3(2N − 2)ψaJbKb − k2ψbJaJb
]
(w) + · · · ,
J ′a(z) f bcdfdefJbJfψcKe(w) =
1
(z − w)3 (2N − 2)
2fabcψbKc(w)
+
1
(z − w)2
[
− 5(2N − 2)2fabc∂ψbKc + 3(2N − 2)fabcf cdeψdJbKe
−3k2(2N − 2)fabcψb∂Jc − (2N − 2)2k2∂2ψa
]
(w) + · · · ,
J ′a(z)JbJcKbψc(w) =
1
(z − w)3 3(2N − 2)f
abcψbKc(w)
+
1
(z − w)2
[
− k2fabcψb∂Jc − 3(2N − 2)ψaJbKb − (2N − 2)ψbJbKa
−3(2N − 2)fabc∂ψbKc − k2ψbJaJb
]
(w) + · · · . (H.1)
It is nontrivial to express these OPEs in terms of independent terms with the rearrangement
of the normal ordered product [18, 19, 62].
We describe each independent terms with their coefficients in (3.16) appearing in the
various poles of Appendix (H.1) where the rearrangement [18] of the normal ordered product
is used as follows:
pole-4 :
[
− 4B10k2(2N − 2)2 + 2B6k2(2N − 2)−B48k2(N − 1)(2N2 − 7N + 11)
+2B1(4N
2 − 14N + 22)(2N − 2) + 4B5(2N − 2)2 + 6B8(2N − 2)2
]
ψa(w) = 0,
pole-3 :
[
− 4B1(4N2 − 14N + 22)(2N − 2)− 8B5(2N − 2)2
−12B8(2N − 2)2
]
∂ψa(w) = 0,
pole-3 :
[
B44(N − k2 − 1)(2N2 − 7N + 11) +B10(2N − 2)(−2k2 + 2N − 2)
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+B6(2k2 − 2(2N − 2))−B9(2k2 + 2(2N − 2))−B24(N − 1)(2N2 − 7N + 11)
+B14(2N − 2)2 + 2B7(2N − 2) + 3B15(2N − 2)
]
fabcψbKc(w) = 0,
pole-2 :
[
4
3
B2k2(N − 1)− 14B1(N − 1)
]
dabcdψbJcJd = 0,
pole-2 :
[
8B2k2 − B7k2 − 3B5(2N − 2)− 3B8(2N − 2)− 12B1
]
ψaJ bJ b(w) = 0,
pole-2 :
[
− 8B2k2 − B13k2 −B15k2 − 4B5(2N − 2)− 4B8(2N − 2)
+12B1
]
ψbJ bJa(w) = 0,
pole-2 :
[
−B14k2(2N − 2)2 +B7k2(2N − 2)− B13k2(2N − 2)
−B24k2(N − 1)(2N2 − 7N + 11) + 2B5(2N − 2)2 + 3B8(2N − 2)2
+B12(2N
2 − 7N + 11)(2N − 2)
]
∂2ψa(w) = 0,
pole-2 :
[
−B2 10
3
k2(2N
2 − 7N + 11)− 3B14k2(2N − 2) + 2B7k2 − B13k2
−2B15k2 +B1(3(2N − 5)(2N − 2) + 48) + 2B5(2N − 2)
−2B8(2N − 2)
]
fabcψb∂Jc(w) = 0,
pole-2 :
[
−B6k2 − B9k2 − 1
3
32B4(N − 1)− 16
3
B4(N − 1)− 3B11(2N − 2)
−8B3
]
ψaKbKb(w) = 0,
pole-2 :
[
B4(4k2(N − 1) + 16
3
(N − 1)2)− 1
3
4B3(N − 1)
−B3(2N − 2)
]
dabcdψbKcKd = 0,
pole-2 :
[
− 4B4(2k2 + 2(2N − 2))− 4B4(−2k2 − 2(2N − 2)) +B6(−2k2 − 2(2N − 2))
−B9(2k2 + 2(2N − 2)) + 32
3
B4(N − 1)− 32
3
B4(N − 1) + 4
3
16B4(N − 1)
−16
3
B4(N − 1)−B12(2N − 2) + 4B3 + 4B3
]
ψbKbKa = 0,
pole-2 :
[
− 8
9
B4(N − 1)(2N − 5)− 4
9
B4(N − 1)(2N − 5)− B4((2N − 5)(2N − 2) + 4)
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−B10(2N − 2)− 8B4 + 2B6 − B12 − 2
3
(2N − 5)B3
]
fabcf cdeψdKbKe = 0,
pole-2 :
[
− 2B3k2 + 1
3
16B2(N − 1)2 − 4
3
B3(N − 1)
+
8
3
B2(2N − 2)(N − 1)
]
dabcdψbJcKd(w) = 0,
pole-2 :
[
−B12k2 + 2
3
32B2(N − 1)− 16
3
B2(N − 1)− 24B2(2N − 2)
−3B13(2N − 2)− 3B15(2N − 2) + 4B3
]
ψaJ bKb(w) = 0,
pole-2 :
[
−B12k2 + 32B2(2N − 2)− 4B7(2N − 2) + 4B3
]
ψbJaKb(w) = 0,
pole-2 :
[
−B11(2k2 + 2(2N − 2))− 8B2(2N − 2)− 16B2(N − 1)− B13(2N − 2)
−B15(2N − 2)− 8B3
]
ψbJ bKa(w) = 0,
pole-2 :
[
− 1
3
B3(2N − 5)− 4
9
B2(N − 1)(2N − 5)− 4
9
B2(N − 1)(2N − 5)
−4
9
B2(N − 1)(2N − 5) + 1
3
B3(−(2N − 5))− B2(5
3
(2N − 5)(2N − 2) + 16)
−3B14(2N − 2) + 4B2 + 2B7 − B12 +B13
]
fabcf cdeψeJ bKd(w) = 0,
pole-2 :
[
− 4
3
(−1)B2(N − 1)(4N2 − 14N + 22)− 5B14(2N − 2)2 + 2B7(2N − 2)
−4B13(2N − 2)− 3B15(2N − 2)
+B2(−44(2N − 2)− 11
3
(2N − 5)(2N − 2)2)
]
fabc∂ψbKc(w) = 0,
pole-2 :
[
B10(2N − 2)(k2 + 2N − 2) +B4((2N − 5)(2N − 2)(k2 + 2N − 2)
+4(k2 + 2N − 2)− 2
3
(2N − 5)(2N − 2)2)− 4B4(−2k2 − 2(2N − 2))
+B6(−2k2 − 2(2N − 2))− 1
9
8B4(N − 1)(2N − 5)(2N − 2)
+
1
3
B3(−(2N − 5))(2N − 2)− 8B4(2N − 2) + 2B6(2N − 2)
−B12(2N − 2)− 32
3
B4(N − 1) + 1
9
B4(−4(N − 1)(2N − 5)(2N − 2))
+
32
3
B4(N − 1) + 4B3
]
fabcψb∂Kc(w) = 0. (H.2)
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Here one should obtain the various independent terms from Appendix (H.1).
I The OPEs between the numerator spin 2 current and
various spin 72 currents
The primary condition (3.18) for the higher spin 7
2
current in (3.16) can be described as
Tˆ (z) dabcdψaJ bJcJd(w) = − 1
(z − w)4 3(2N − 2)(8N − 2)ψ
aJa(w) +O( 1
(z − w)2 ),
Tˆ (z) dabcdfaeff begJcJdψfKg(w) =
1
(z − w)4 16(N − 1)
2(4N − 1)ψaKa(w)
+
1
(z − w)3 16(N − 1)(2N
2 − 7N + 11)∂ψaKa(w) +O( 1
(z − w)2 ),
Tˆ (z) dabcdJaKbψcKd(w) = − 1
(z − w)4 k2(8N − 2)ψ
aJa(w) +O( 1
(z − w)2 ),
Tˆ (z) dabcdfaeff begKcKdψfKg(w) =
1
(z − w)4 8k2(N − 1)(4N − 1)ψ
aKa(w)
+
1
(z − w)3 8(N − 1)(2N
2 − 7N + 11)ψa∂Ka(w) +O( 1
(z − w)2 ),
Tˆ (z) JaψaJ bJ b(w) = − 1
(z − w)4 (3 +N(2N − 1))(2N − 2)ψ
aJa(w) +O( 1
(z − w)2 ),
Tˆ (z)KaKaψbKb(w) = − 1
(z − w)4 k2(N(2N − 1) + 2)ψ
aKa(w)
− 1
(z − w)3 2(2N − 2)ψ
a∂Ka(w) +O( 1
(z − w)2 ),
Tˆ (z) JaJaψbKb(w) = − 1
(z − w)4 (2N − 2)N(2N − 1)ψ
aKa(w)
− 1
(z − w)3 4(2N − 2)∂ψ
aKa(w) +O( 1
(z − w)2 ),
Tˆ (z) JaJaψbJ b(w) = − 1
(z − w)4 (6 +N(2N − 1))(2N − 2)ψ
aJa(w) +O( 1
(z − w)2 ),
Tˆ (z)ψaKaKbKb(w) = − 1
(z − w)4 (2(k2 + 2N − 2) + k2N(2N − 1))ψ
aKa(w)
+O( 1
(z − w)2 ),
Tˆ (z) fabcf cdeKaKeψbKd(w) =
1
(z − w)4 2(2N − 2)
2ψaKa(w)
+
1
(z − w)3 4(2N − 2)
2ψa∂Ka(w) +O( 1
(z − w)2 ),
Tˆ (z) JaψaKbKb(w) = − 1
(z − w)4 k2N(2N − 1)ψ
aJa(w) +O( 1
(z − w)2 ),
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Tˆ (z)ψaJ bKaKb(w) = − 1
(z − w)4 k2ψ
aJa(w) +O( 1
(z − w)2 ),
Tˆ (z) JaJ bψaKb(w) =
1
(z − w)4 (2N − 2)ψ
aKa(w) +
1
(z − w)3 4(2N − 2)∂ψ
aKa(w)
+O( 1
(z − w)2 ),
Tˆ (z) fabcf cdeJaJeψbKd(w) =
1
(z − w)3 4(2N − 2)
2∂ψaKa(w) +O( 1
(z − w)2 ),
Tˆ (z) JaJ bKaψb(w) = − 1
(z − w)4 3(2N − 2)ψ
aKa(w) +O( 1
(z − w)2 ). (I.1)
One also uses the various identities between f and d symols as in section 2.
Now one presents each independent terms with coefficients in (3.16) in Appendix (I.1)
pole-4 :
[
− B3k2(8N − 2)− B11k2N(2N − 1)− B12k2 − 3B1(2N − 2)(8N − 2)
−B5((2N − 1)N(2N − 2) + 3(2N − 2))
−B8((2N − 1)N(2N − 2) + 6(2N − 2))
]
ψaJa(w) = 0,
pole-4 :
[
B48k2(N − 1)(4N − 1) +B6(−k2)((2N − 1)N + 2)
−B9(2(k2 + 2N − 2) + k2(2N − 1)N) + 2B10(2N − 2)2
−B7N(2N − 1)(2N − 2) +B13(2N − 2)− 3B15(2N − 2)
+B216(N − 1)2(4N − 1)
]
ψaKa(w) = 0,
pole-3 :
[
4B10(2N − 2)2 − 2B6(2N − 2)
+B48(N − 1)(2N2 − 7N + 11)
]
ψa∂Ka(w) = 0,
pole-3 :
[
4B14(2N − 2)2 − 4B7(2N − 2) + 4B13(2N − 2)
+B216(N − 1)(2N2 − 7N + 11)
]
∂ψaKa = 0. (I.2)
One should have vanishing coefficients in order to have primary higher spin 7
2
current. Without
X(K2, N) term in (3.16), the coefficients B1-B15 do not satisfy the two equations correspond-
ing to the fourth order pole in (I.2). The coefficient of fourth order pole is given by
48(N − 4)(N − 1)(N + 1)(2N − 3)(2N + 1)(4N − 4 + k2)(6N − 6 + k2)
(2N − 2 + 3k2)(4N − 4 + 3k2) Gˆ(w). (I.3)
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This implies that the higher spin 7
2
current without X(K2, N) term in (3.16) is a quasiprimary
field. Therefore, we should add the other quasiprimary field of spin 7
2
with arbitrary coefficient
X(k2, N) which will appear later.
J The coefficients appearing in (3.16) which depend
on k2 and N when k1 = 2N − 2
By solving the linear equations Appendix (H.2) and Appendix (I.2), one has
B2 =
21
2k2
B1,
B3 =
168(N − 1)2
k2(3k2 + 2N − 2)B1,
B4 =
420(N − 1)2
k2(3k2 + 2N − 2)(3k2 + 4N − 4)B1,
B5 = −4(6k
2
2N − 15k22 + 12k2N2 − 42k2N + 30k2 − 4N3 + 18N2 + 18N − 32)
(3k2 + 2N − 2)(3k2 + 4N − 4) B1,
B6 =
504(N − 1)2(2N2 − 7N + 11)
k2(3k2 + 2N − 2)(3k2 + 4N − 4)B1,
B7 =
42(2k22N
2 − 7k22N + 23k22 + 4k2N3 − 18k2N2 + 60k2N − 46k2 + 24N2 − 48N + 24)
k2(3k2 + 2N − 2)(3k2 + 4N − 4) B1,
B8 = − 1
(N − 1)(3k2 + 2N − 2)(3k2 + 4N − 4)(−10k
2
2N
2 + 35k22N − 7k22 − 20k2N3
+ 90k2N
2 − 84k2N + 14k2 + 16N4 − 88N3 + 72N2 + 56N − 56)B1,
B9 = − 168(N − 1)
2(2N2 − 7N + 11)
k2(3k2 + 2N − 2)(3k2 + 4N − 4)B1,
B10 = − 84(N − 1)(2N
2 − 7N + 11)
k2(3k2 + 2N − 2)(3k2 + 4N − 4)B1,
B11 = −56(N − 1)(2k2N
2 − 7k2N + 23k2 + 36N − 36)
k2(3k2 + 2N − 2)(3k2 + 4N − 4) B1
B12 = −336(N − 1)
2(2k2N − 5k2 + 4N2 − 14N + 4)
k2(3k2 + 2N − 2)(3k2 + 4N − 4) B1,
B13 = − 21
k2(3k2 + 2N − 2)(3k2 + 4N − 4)(2k
2
2N
2 − 7k22N + 23k22
+ 4k2N
3 − 18k2N2 + 60k2N − 46k2 + 8N4 − 44N3 + 72N2 − 44N + 8)B1,
B14 = −21(6k
2
2N − 15k22 + 12k2N2 − 42k2N + 30k2 + 4N3 − 18N2 + 30N − 16)
k2(3k2 + 2N − 2)(3k2 + 4N − 4) B1,
B15 =
7
k2(3k2 + 2N − 2)(3k2 + 4N − 4)(22k
2
2N
2 − 77k22N + 37k22 (J.1)
+ 44k2N
3 − 198k2N2 + 228k2N − 74k2 + 24N4 − 132N3 + 216N2 − 132N + 24)B1.
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From Appendix G, one determines the overall coefficient B1 in terms of A1 (the description
of Appendix G) appearing in the higher spin 4 current with (3.15) as follows:
B1 = −4(k2 + 4N − 4)1
7
√√√√ 4(N − 1)
(2N − 2 + k2)(4N − 4 + k2)A1. (J.2)
The quantity A1 in (J.2) appears in Appendix F . Furthermore, the quantity X appearing in
(3.16) can be determined by
X =
384(N − 4)(N − 1)(N + 1)(2N − 3)(2N + 1)(k2 + 2N − 2)(k2 + 4N − 4)2(k2 + 6N − 6)
(3k2 + 2N − 2)(3k2 + 4N − 4)
× A1
(4k22N
2 − 2k22N + 21k22 + 24k2N3 − 36k2N2 + 138k2N − 126k2 + 168N2 − 336N + 168)
.(J.3)
One can check that the fourth order pole of the OPE T (z) (GT − 1
8
∂2G)(w) is given by
1
8
(4c+ 21)G(w). In other words, the nonzero term in (I.3) is canceled by the above X term.
Note that there exists (N − 4) factor in Appendix (J.3). In other words, for N = 4, there is
no last term in (3.16).
It is straightforward to calculate the coefficients under the large N ’t Hooft limit as done
before. Then they will be used in the eigenvalue equations involving the higher spin 7
2
current.
K The OPEs between the higher spin 7
2
current and
the higher spin 4 current and its N = 1 superspace
description
The OPE between the lowest higher spin 7
2
current and itself in section 3 is summarized as
W (
7
2
)(z)W (
7
2
)(w) =
1
(z − w)7
2c
7
+
1
(z − w)5 2T (w) +
1
(z − w)4 ∂T (w)
+
1
(z − w)3
[
C47
2
7
2
W (4) + C4
′
7
2
7
2
W (4
′) +
1
(4c + 21)(10c − 7)
(
8(37c + 3)TT
+3(2c − 117)∂GG + 6(2c2 − 6c+ 9)∂2T
)]
(w)
+
1
(z − w)2
[
1
2
C47
2
7
2
∂W (4) +
1
2
C4
′
7
2
7
2
∂W (4
′) +
1
(4c+ 21)(10c − 7)
(
8(37c + 3)∂TT
+
3
2
(2c − 117)∂2GG+ 4
3
(2c2 − 6c+ 9)∂3T
)]
(w)
+
1
(z − w)
[
C67
2
7
2
W (6) + C6
′
7
2
7
2
W (6
′) +
1
(2c+ 61)(3c + 20)
C4
′
7
2
7
2
(
1
2
(4c− 229)GW ( 92 )
+(50c + 589)TW (4
′) +
1
12
(2c + 9)(5c + 112)∂2W (4
′)
)
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+
1
(c− 1)(2c + 53)C
4
7
2
7
2
(
− 1
2
(c− 101)G∂W ( 72 ) + 1
3
50(c + 1)TW (4)
+
7
6
(c− 101)∂GW ( 72 ) + 1
36
(10c2 + 157c − 567)∂2W (4)
)
+
1
(c+ 11)(4c + 21)(10c − 7)(14c + 11)
(
24(450c2 + 1199c + 1)TTT
+36(18c2 − 1037c + 169)T∂GG + 2(520c3 + 5946c2 + 10067c + 867)∂T∂T
+(10c3 − 303c2 − 14968c + 9111)∂2G∂G
+2(620c3 + 2580c2 − 5459c − 891)∂2TT
+
3
2
(8c3 − 482c2 + 619c − 6745)∂3GG
+
1
3
(20c4 + 100c3 − 2477c2 + 2159c − 1302)∂4T
)]
(w) + · · · . (K.1)
One can check that all the nonlinear terms vanish under the large c→∞.
The OPE between the lowest higher spin 7
2
current and the higher spin 4 current is
described as
W (
7
2
)(z)W (4)(w) =
1
(z − w)6 3G(w) +
1
(z − w)5 ∂G(w)
+
1
(z − w)4
[
7C47
2
7
2
W (
7
2
) +
(2c − 57)
2(4c+ 21)
∂2G+
90
(4c+ 21)
TG
]
(w)
+
1
(z − w)3
[
− 1
2
C4
′
7
2
7
2
W (
9
2
) + 3C47
2
7
2
∂W (
7
2
) +
1
(4c + 21)(10c − 7)
(
2(154c − 339)T∂G
+12(37c + 3)∂TG+
1
2
(2c − 117)(2c − 3)∂3G
)]
(w)
+
1
(z − w)2
[
11C67
2
7
2
W (
11
2
) +
1
(3c+ 20)
C4
′
7
2
7
2
(
59
2
GW (4
′) − 1
3
(2c+ 33)∂W (
9
2
)
)
+
1
(2c+ 53)
C47
2
7
2
(
51
2
GW (4) + 119TW (
7
2
) +
3
4
(2c+ 19)∂2W (
7
2
)
)
+
1
(c+ 11)(4c + 21)(10c − 7)
(
36(99c + 31)TTG + 3(26c2 − 667c − 2019)T∂2G
+2(19c + 71)(4c + 21)∂T∂G + 3(11c − 17)(4c + 21)∂2TG
+
1
24
(4c+ 21)(2c2 − 167c + 1233)∂4G
)]
(w)
+
1
(z − w)
[
− 1
2
C6
′
7
2
7
2
W (
13
2
) + 5C67
2
7
2
∂W (
11
2
)
+
1
(c− 1)(2c + 53)C
4
7
2
7
2
(
25
2
(c+ 1)G∂W (4) +
5
3
(31c − 71)T∂W ( 72 ) + 5
6
(11c− 91)∂GW (4)
+
175
3
(c+ 1)∂TW (
7
2
) +
5
36
(2c2 − 31c + 69)∂3W ( 72 )
)
74
+
1
(2c+ 61)(3c + 20)
C4
′
7
2
7
2
(
1
2
(61c + 1685)G∂W (4
′) − 9(3c + 20)TW ( 92 )
+
1
2
(34c + 1505)∂GW (4
′) − 1
3
(c2 + 44c+ 675)∂2W (
9
2
)
)
+
1
(c+ 11)(4c + 21)(10c − 7)(14c + 11)
(
36(486c2 − 875c + 339)TT∂G
+5(44c3 − 2484c2 − 3191c − 6069)T∂3G+ 144(342c2 + 640c + 43)∂TTG
+6(90c3 − 2269c2 − 4405c + 2034)∂T∂2G
+(632c3 + 1266c2 + 31333c + 1119)∂2T∂G
+3(136c3 + 698c2 − 2631c − 1153)∂3TG
+
1
24
(16c4 − 1692c3 + 27416c2 + 86847c + 103113)∂5G
)]
(w) + · · · . (K.2)
In this case, all the nonlinear terms become zero when the large c→∞ is taken. In principle,
one can obtain the OPE W (4)(z)W (
7
2
)(w) from Appendix (K.2). In the N = 1 description,
the latter is more useful to the former.
The OPE between the higher spin 4 current and itself is given by
W (4)(z)W (4)(w) =
1
(z − w)8 2c+
1
(z − w)6 16T (w) +
1
(z − w)5 8∂T (w)
+
1
(z − w)4
[
10C47
2
7
2
W (4) + 3C4
′
7
2
7
2
W (4
′) +
1
(4c + 21)(10c − 7)
(
+36(13c − 38)∂GG + 6(c− 1)(16c − 69)∂2T + 12(224c − 99)TT
)]
(w)
+
1
(z − w)3
[
5C47
2
7
2
∂W (4) +
3
2
C4
′
7
2
7
2
∂W (4
′)
+
1
(4c+ 21)(10c − 7)
(
18(13c − 38)∂2GG+ 12(224c − 99)∂TT
+
4
3
(c− 1)(16c − 69)∂3T
)]
(w)
+
1
(z − w)2
[
12C67
2
7
2
W (6) + C6
′
7
2
7
2
W (6
′) +
1
(2c+ 61)(3c + 20)
C4
′
7
2
7
2
(
12(14c + 349)TW (4
′)
+
1
4
(10c2 + 285c + 92)∂2W (4
′) − 3(19c + 638)GW ( 92 )
)
+
1
(c− 1)(2c + 53)C
4
7
2
7
2
(
20
3
(28c − 23)TW (4) + 14
3
(13c− 38)∂GW ( 72 )
−2(13c − 38)G∂W ( 72 ) + 1
18
(50c2 + 767c − 1017)∂2W (4)
)
+
1
(c+ 11)(4c + 21)(10c − 7)(14c + 11)
(
216(234c2 + 81c + 85)T∂GG
75
+3(190c3 + 7237c2 + 12743c + 12530)∂2G∂G
+3(326c3 − 1591c2 − 13109c − 12926)∂3GG
+2(4720c3 + 51330c2 + 86729c + 35121)∂T∂T
+2(5632c3 + 8310c2 − 101995c − 77847)∂2TT
+
4
3
(40c4 + 70c3 − 8911c2 − 8443c − 2256)∂4T
+192(576c2 + 721c+ 128)TTT
)]
(w)
+
1
(z − w)
[
6C67
2
7
2
∂W (6) +
1
2
C6
′
7
2
7
2
∂W (6
′)
+
1
(c− 1)(2c + 53)C
4
7
2
7
2
(
4
3
(13c− 38)∂G∂W ( 72 ) + 7
3
(13c − 38)∂2W ( 72 )
−(13c− 38)G∂2W ( 72 ) + 10
3
(28c− 23)T∂W (4)
+
10
3
(28c − 23)∂TW (4) + 1
18
(10c2 + c− 111)∂3W (4)
)
+
1
(2c+ 61)(3c + 20)
C4
′
7
2
7
2
(
− 3
2
(19c+ 638)G∂W (
9
2
) − 3
2
(19c + 638)∂GW (
9
2
)
+6(14c + 349)T∂W (4
′) + 6(14c + 349)∂TW (4
′) +
1
4
(2c2 + 31c − 564)∂3W (4′)
)
+
1
(c+ 11)(4c + 21)(10c − 7)(14c + 11)
×
(
1
5
(40c4 + 70c3 − 8911c2 − 8443c − 2256)∂5T
+108(234c2 + 81c+ 85)T∂2GG+ 108(234c2 + 81c+ 85)∂T∂GG
+288(576c2 + 721c+ 128)∂TTT + 18(12c3 − 267c2 − 701c − 694)∂4GG
+12(472c3 + 354c2 + 3263c + 2361)∂2T∂T + 6(c + 11)(38c2 + 187c + 200)∂3G∂G
+6(416c3 + 766c2 − 12783c − 9699)∂3TT
)]
(w) + · · · . (K.3)
All the nonlinear terms in Appendix (K.3) vanish under the large c limit.
By introducing the N = 1 stress energy tensor [63],
T =
1
2
G(z) + θ T (z), (K.4)
and representing the N = 1 lowest higher spin multiplet
W(
7
2
)(Z) =W (
7
2
)(z) + θW (4)(z), (K.5)
the above three OPEs, Appendix (K.1), Appendix (K.2) and Appendix (K.3), can be written
as
W
( 7
2
)(Z1)W
( 7
2
)(Z2) =
1
z712
2c
7
+
θ12
z612
6T(Z2) +
1
z512
2DT(Z2) +
θ12
z512
4∂T(Z2)
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+
1
z412
∂DT(Z2) +
θ12
z412
[
7C47
2
7
2
W
( 7
2
) +
3(c − 6)
(4c+ 21)
2∂2T+
90
(4c + 21)
2DTT
]
(Z2)
+
1
z312
[
C47
2
7
2
DW(
7
2
) + C4
′
7
2
7
2
W
(4′) +
1
(4c+ 21)(10c − 7)
(
8(37c + 3)DTDT
+ 3(2c − 117)4∂TT + 6(2c2 − 6c+ 9)∂2DT
)]
(Z2)
+
θ12
z312
[
1
2
C4
′
7
2
7
2
DW(4
′) + 4C47
2
7
2
∂W(
7
2
) +
1
(4c + 21)(10c − 7)
(
16(37c + 3)2DT∂T
+ 6(76c − 111)2∂DTT + 4(2c2 − 43c+ 6)8∂3T
)]
(Z2)
+
1
z212
[
1
2
C47
2
7
2
∂DW(
7
2
) +
1
2
C4
′
7
2
7
2
∂W(4
′) +
1
(4c+ 21)(10c − 7)
(
8(37c + 3)∂DTT
+
3
2
(2c− 117)4∂2TT+ 4
3
(2c2 − 6c+ 9)∂3DT
)]
(Z2)
+
θ12
z212
[
11C67
2
7
2
W
( 11
2
) +
1
(3c + 20)
C4
′
7
2
7
2
(
59
2
2DTW(4
′) +
1
6
(5c− 6)∂DW(4′)
)
+
1
(2c + 53)
C47
2
7
2
(
119DTW(
7
2
) +
51
2
2TDW(
7
2
) +
1
4
(10c+ 163)∂2W(
7
2
)
)
+
1
(c+ 11)(4c + 21)(10c − 7)
(
36(99c + 31)2DTDTT
+ 6(50c2 + 501c + 519)2∂DT∂T + 6(23c2 + 34c− 822)2∂2DTT
+
1
3
(5c3 − 135c2 − 1139c + 939)2∂4T+ 4(55c2 − 19c − 516)2DT∂2T
)]
(Z2)
+
1
z12
[
C67
2
7
2
DW(
11
2
) + C6
′
7
2
7
2
W
(6′) +
1
(c− 1)(2c + 53)C
4
7
2
7
2
(
− 1
2
(c− 101)2T∂W( 72 )
+
50
3
(c+ 1)DTDW(
7
2
) +
7
6
(c− 101)2∂TW( 72 ) + 1
36
(10c2 + 157c − 567)∂2DW( 72 )
)
+
1
(2c + 61)(3c + 20)
C4
′
7
2
7
2
(
1
12
(2c+ 9)(5c + 112)∂2W(4
′)
+
1
2
(4c− 229)2TDW(4′) + (50c + 589)DTW(4′)
)
+
1
(c+ 11)(4c + 21)(10c − 7)(14c + 11)
×
(
24(450c2 + 1199c + 1)DTDTDT+ 36(18c2 − 1037c + 169)4DT∂TT
+ 2(520c3 + 5946c2 + 10067c + 867)∂DT∂DT + (10c3 − 303c2 − 14968c + 9111)4∂2T∂T
+ 2(620c3 + 2580c2 − 5459c − 891)∂2DTDT+ 3
2
(8c3 − 482c2 + 619c − 6745)4∂3TT
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+
1
3
(20c4 + 100c3 − 2477c2 + 2159c − 1302)∂4DT
)]
(Z2)
+
θ12
z12
[
1
2
C6
′
7
2
7
2
DW(6
′) + 6C67
2
7
2
∂W(
11
2
) +
1
(c− 1)(2c + 53)C
4
7
2
7
2
(
14
3
(13c − 38)∂DTW( 72 )
+ (13c − 38)2T∂DW( 72 ) + 1
18
(10c2 + c− 111)∂3W( 72 ) + 2
3
(101c − 1)DT∂W( 72 )
+
1
3
(49c + 151)2∂TDW(
7
2
)
)
+
1
(2c + 61)(3c + 20)
C4
′
7
2
7
2
(
3
2
(19c + 638)2T∂W(4
′) + 9(3c+ 20)DTDW(4
′)
+ 3(14c + 349)2∂TW(4
′) +
1
4
(2c2 + 31c − 564)∂2DW(4′)
)
+
1
(c+ 11)(4c + 21)(10c − 7)(14c + 11)
×
(
72(450c2 + 1199c + 1)2DTDT∂T + 24(34c3 − 505c2 − 2197c − 332)2DT∂3T
+ 216(234c2 + 81c + 85)2∂DTDTT + 12(130c3 − 93c2 + 1970c − 357)2∂DT∂2T
+ 6(212c3 + 540c2 − 677c + 3075)2∂2DT∂T+ 9(48c3 + 102c2 − 2399c − 2351)2∂3DTT
+
2
5
(10c4 − 437c3 + 107c2 + 11387c + 3183)2∂5T
)]
(Z2) + · · · . (K.6)
Here in addition to Appendix (K.4) and Appendix (K.5), we also introduce the following
three N = 1 higher spin multiplets as follows [36, 37]:
W(4
′)(Z) = W (4
′)(z) + θW (
9
2
)(z),
W(
11
2
)(Z) = W (
11
2
)(z) + θW (6)(z),
W(6
′)(Z) = W (6
′)(z) + θW (
13
2
)(z). (K.7)
In the relation (3.21), the definitions in Appendix (K.7) is used. Note that the θ12 independent
terms in the right hand side of Appendix (K.6) are related to the OPE Appendix (K.1)
while the θ12 dependent terms in the right hand side of Appendix (K.6) are related to the
OPE between W (4)(z)W (
7
2
)(w). More explicitly, by the projection of θ1 = 0 = θ2 on the
equation Appendix (K.6), one obtains the OPE in Appendix (K.1). By acting D1 on the
equation Appendix (K.6) and putting the condition θ1 = 0 = θ2, one obtains the OPE
W (4)(z)W (
7
2
)(w) which can be obtained from Appendix (K.2). The remaining component
OPEs W (
7
2
)(z)W (4)(w) and W (4)(z)W (4)(w) can be read off from Appendix (K.6): the result
of N = 1 supersymmetry.
The factor (4c+21)(10c−7) occurs in the OPE between the N = 1 higher spin 5
2
current in
the unitary case [37, 36, 38]. For the N = 1 higher spin 7
2
current in the orthogonal case, the
78
extra factor (c+11)(14c+11) occurs in Appendix (K.6). It would be interesting to see whether
there are any null states at the particular values of the central charge, c = −21
4
, 7
10
,−11 or
−11
14
.
L The OPE between the two lowest higher spin mul-
tiplets in N = 2 superspace
Let us present the OPE in (4.29) here
W
(3)
4
3
(Z1)W
(3)
−
4
3
(Z2) =
θ12 θ¯12
z712
g1 +
1
z612
c
3
+
θ12 θ¯12
z612
g2T(Z2) +
1
z512
g3 T(Z2)
+
θ12
z512
g4DT(Z2) +
θ¯12
z512
g5DT(Z2) +
θ12 θ¯12
z512
[
g6 [D,D]T+ g7 TT+ g8 ∂T
]
(Z2)
+
1
z412
[
g9 [D,D]T + g10 TT+ g21 ∂T
]
(Z2) +
θ12
z412
[
g11 ∂DT+ g12 TDT
]
(Z2)
+
θ¯12
z412
[
g13 ∂DT+ g14 TDT
]
(Z2) +
θ12 θ¯12
z412
1
(c− 1)(c+ 6)(2c − 3)
×
[
g15 ∂[D,D]T+ g16 T[D,D]T+ g17 TTT+ g18DTDT+ g19 ∂TT+ g20 ∂
2
T
]
(Z2)
+
1
z312
1
(c− 1)(c + 6)(2c − 3)
×
[
g22 ∂[D,D]T+ g23 T[D,D]T+ g24 TTT+ g25DTDT+ g26 ∂TT+ g50 ∂
2
T
]
(Z2)
+
θ12
z312
1
(c− 1)(c+ 6)(2c − 3)
×
[
g27 ∂
2DT+ g28 TTDT+ g29 [D,D]TDT+ g30 ∂DTT+ g31 ∂TDT
]
(Z2)
+
θ¯12
z312
1
(c− 1)(c+ 6)(2c − 3)
×
[
g32 ∂
2DT+ g33 TTDT+ g34DT[D,D]T+ g35 ∂DTT+ g36 ∂TDT
]
(Z2)
+
θ12 θ¯12
z312
1
(c− 1)(c + 1)(c + 6)(2c − 3)(5c − 9)
×
[
g37 ∂
2[D,D]T+ g38 TT[D,D]T+ g39TTTT+ g40 TDTDT+ g41 ∂DTDT
+g42 [D,D]T[D,D]T+ g43 ∂[D,D]TT+ g44 ∂DTDT
+g45 ∂T[D,D]T+ g46 ∂TTT+ g47 ∂T∂T + g48 ∂
2
TT+ g49 ∂
3
T
]
(Z2)
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+
1
z212
1
(c− 1)(c + 1)(c + 6)(2c − 3)(5c − 9)
×
[
g220 ∂
2[D,D]T+ g51 TT[D,D]T+ g52 TTTT+ g53 TDTDT+ g54 ∂DTDT
+g55 [D,D]T[D,D]T+ g56 ∂[D,D]TT+ g57 ∂DTDT
+g58 ∂T[D,D]T+ g59 ∂TTT+ g60 ∂T∂T + g61 ∂
2
TT+ g106 ∂
3
T
]
(Z2)
+
θ12
z212
1
(c− 1)(c+ 1)(c + 6)(2c − 3)(5c − 9)
×
[
g62 ∂
3DT+ g63 TTTDT+ g64 T[D,D]TDT+ g65 ∂[D,D]TDT+ g66 ∂DT[D,D]T
+g67 ∂DTTT+ g68 ∂DT∂T + g69 ∂
2DTT+ g70 ∂TTDT+ g71 ∂
2
TDT
]
(Z2)
+
θ¯12
z212
1
(c− 1)(c+ 1)(c + 6)(2c − 3)(5c − 9)
×
[
g72 ∂
3DT+ g73 TTTDT+ g74 TDT[D,D]T + g75 ∂DT[D,D]T+ g76 ∂DTTT
+g77 ∂DT∂T+ g78 ∂
2DTT+ g79 [D,D]TDT+ g80 ∂TTDT+ g81 ∂
2
TDT
]
(Z2)
+
θ12 θ¯12
z212
1
(c− 2)(c − 1)(c + 1)(c + 6)(c + 12)(2c − 3)(5c − 9)
×
[
g82 ∂
3[D,D]T+ g83 TTT[D,D]T+ g84 TTTTT+ g85 TTDTDT
+g86 T[D,D]T[D,D]T+ g87DT[D,D]TDT+ g88 ∂DT∂DT+ g89 ∂DTTDT
+g90 ∂
2DTDT+ g91 ∂[D,D]T[D,D]T+ g92 ∂[D,D]TTT+ g93 ∂[D,D]T∂T
+g94 ∂
2[D,D]TT+ g95 ∂DTTDT+ g96 ∂
2DTDT+ g97 ∂TT[D,D]T + g98 ∂TTTT
+g99 ∂TDTDT+ g100 ∂T∂TT
+g101 ∂
2
T[D,D]T+ g102 ∂
2
TTT+ g103 ∂
2
T∂T+ g104 ∂
3
TT+ g105 ∂
4
T
]
(Z2)
+
1
z12
1
(c− 2)(c − 1)(c + 1)(c+ 6)(c + 12)(2c − 3)(5c − 9)
×
[
g107 ∂
3[D,D]T+ g108 TTT[D,D]T+ g109 TTTTT+ g110 TTDTDT
+g111 T[D,D]T[D,D]T
+g112DT[D,D]TDT+ g113 ∂DT∂DT+ g114 ∂DTTDT+ g115 ∂
2DTDT
+g116 ∂[D,D]T[D,D]T+ g117 ∂[D,D]TTT+ g118 ∂[D,D]T∂T+ g119 ∂
2[D,D]TT
+g120 ∂DTTDT+ g121 ∂
2DTDT+ g122 ∂TT[D,D]T+ g123 ∂TTTT+ g124 ∂TDTDT
+g125 ∂T∂TT+ g126 ∂
2
T[D,D]T+ g127 ∂
2
TTT+ g128 ∂
2
T∂T+ g129 ∂
3
TT+ g219 ∂
4
T
]
(Z2)
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+
θ12
z12
1
(c− 2)(c− 1)(c + 1)(c + 6)(c+ 12)(2c − 3)(5c − 9)
×
[
g130 ∂
4DT+ g131 TTTTDT+ g132 TT[D,D]TDT+ g133 [D,D]T[D,D]TDT
+g134 ∂[D,D]T∂DT+ g135 ∂[D,D]TTDT+ g136 ∂
2[D,D]TDT+ g137 ∂DTT[D,D]T
+g138 ∂DTTTT+ g139 ∂DTDTDT+ g140 ∂DT∂TT+ g141 ∂
2DT[D,D]T+ g142 ∂
2DTTT
+g143 ∂
2DT∂T+ g144 ∂
3DTT+ g145 ∂TTTDT+ g146 ∂T[D,D]TDT
+g147 ∂T∂TDT+ g148 ∂
2
T∂DT+ g149 ∂
2
TTDT+ g150 ∂
3
TDT
]
(Z2)
+
θ¯12
z12
1
(c− 2)(c− 1)(c + 1)(c + 6)(c+ 12)(2c − 3)(5c − 9)
×
[
g151 ∂
4DT+ g152 TTTTDT+ g153 TTDT[D,D]T+ g154DT[D,D]T[D,D]T
+g155 ∂DT∂[D,D]T+ g156 ∂DTT[D,D]T+ g157 ∂DTTTT+ g158 ∂DTDTDT
+g159 ∂DT∂TT+ g160 ∂
2DT[D,D]T+ g161 ∂
2DTTT+ g162 ∂
2DT∂T
+g163 ∂
3DTT+ g164 ∂[D,D]TTDT+ g165 ∂
2[D,D]TDT+ g166 ∂TTTDT
+g167 ∂TDT[D,D]T+ g168 ∂T∂TDT+ g169 ∂
2
T∂DT+ g170 ∂
2
TTDT+ g171 ∂
3
TDT
]
(Z2)
+
θ12 θ¯12
z12
1
(c− 2)(c − 1)(c + 1)(c + 6)(c + 12)(2c − 3)(5c − 9)(7c − 15)
×
[
g172 ∂
4[D,D]T+ g173 TTTT[D,D]T+ g174 TTTTTT+ g175 TTTDTDT
+g176 TT[D,D]T[D,D]T+ g177 TDT[D,D]TDT+ g178 ∂DTTTDT
+g179 ∂DT[D,D]TDT
+g180 ∂DT∂DTT+ g181 ∂DT∂TDT+ g182 ∂
2DT∂DT+ g183 ∂
2DTTDT
+g184 ∂
3DTDT+ g185 [D,D]T[D,D]T[D,D]T+ g186 ∂[D,D]T∂[D,D]T
+g187 ∂[D,D]TT[D,D]T+ g188 ∂[D,D]TTTT+ g189 ∂[D,D]TDTDT
+g190 ∂[D,D]T∂TT
+g191 ∂
2[D,D]T[D,D]T + g192 ∂
2[D,D]TTT+ g193 ∂
2[D,D]T∂T+ g194 ∂
3[D,D]TT
+g195 ∂DTTTDT+ g196 ∂DTDT[D,D]T+ g197 ∂DT∂TDT+ g198 ∂
2DT∂DT
+g199 ∂
2DTTDT+ g200 ∂
3DTDT+ g201 ∂TTT[D,D]T + g202 ∂TTTTT
+g203 ∂TTDTDT
+g204 ∂T[D,D]T[D,D]T+ g205 ∂T∂T[D,D]T+ g206 ∂T∂TTT
+g207 ∂T∂T∂T+ g208 ∂
2
T∂[D,D]T+ g209 ∂
2
TT[D,D]T+ g210 ∂
2
TTTT
+g211 ∂
2
TDTDT+ g212 ∂
2
T∂TT+ g213 ∂
2
T∂2T+ g214 ∂
3
T[D,D]T
+g215 ∂
3
TTT+ g216 ∂
3
T∂T+ g217 ∂
4
TT+ g218 ∂
5
T
]
(Z2) + · · · . (L.1)
81
The structure constants in Appendix (L.1) are given by
g1 = −2c
9
, g2 =
19
9
, g3 =
4
3
, g4 = −7
3
, g5 =
11
3
,
g6 =
4(3c + 23)
27(c− 1) , g7 =
104
9(c− 1) , g8 =
23
9
, g9 = −(9c− 8)
9(c− 1) , g10 = −
1
3(c− 1) ,
g11 = −7(2c− 7)
9(c − 1) , g12 = −
35
3(c− 1) , g13 =
11(2c + 1)
9(c − 1) , g14 =
11
(c− 1) ,
g15 =
1
108
(36c3 − 859c2 + 5814c − 12264), g16 = − 1
54
(780c2 − 3641c − 7002),
g17 = − 2
27
(c− 3571), g18 = 1
9
(535c2 − 1170c + 2336),
g19 =
155
9
(c+ 6)(2c − 3), g20 = 1
54
(146c3 − 24c2 − 801c − 1022), g21 = 2
3
,
g22 = − 1
18
(18c3 + 71c2 − 558c + 336), g23 = −2
9
(36c2 + 121c + 18),
g24 = −8
9
(19c + 65), g25 =
4
3
(c2 − 54c + 32),
g26 = −1
3
(c+ 6)(2c − 3), g27 = −7
6
(c3 − 4c2 + 24c− 84),
g28 = −14
3
(3c + 67), g29 =
7
18
(39c2 − 74c − 84),
g30 = −7
9
(19c2 + 121c − 546), g31 = −7
6
(11c2 + 2c+ 8),
g32 =
11
36
(6c3 − 9c2 + 10c− 84), g33 = −22
3
(5c − 19),
g34 = −11
18
(39c2 − 62c− 12), g35 = 11
9
(13c2 − 13c+ 42),
g36 =
11
6
(5c2 + 74c − 128), g37 = 1
27
(9c5 + 273c4 − 2463c3 + 5677c2 − 4392c − 3150),
g38 = − 4
27
(2334c3 − 3862c2 − 6821c − 5448), g39 = − 2
27
(9572c2 − 22722c − 17825),
g40 =
4
9
(2819c3 − 10177c2 + 12112c + 5816),
g41 =
2
27
(2694c4 − 3327c3 + 2937c2 − 3134c + 7200),
g42 = − 1
162
(576c4 + 18801c3 − 72025c2 + 57786c − 6300),
g43 = − 1
54
(2070c4 + 463c3 − 69242c2 + 112335c + 64218),
g44 =
2
27
(2676c4 − 13749c3 + 21621c2 + 6938c − 50400),
g45 = − 2
27
(c+ 1)(5c − 9)(219c2 − 220c − 1854), g46 = −4
9
(c+ 1)(5c − 9)(13c − 1147),
g47 =
1
18
(1036c4 + 3801c3 − 22741c2 + 26866c − 5504),
g48 =
1
27
(2054c4 + 1994c3 − 1401c2 − 53871c + 43930),
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g49 =
1
81
(375c5 − 1365c4 − 2750c3 + 33544c2 − 50706c − 27384),
g50 =
2
9
(2c3 + 6c2 + 27c − 14), g51 = 2
9
(72c3 − 1576c2 − 2753c − 1560),
g52 = −1
9
(544c2 + 6720c + 4811), g53 = −2
3
(13c3 − 731c2 − 2764c − 200),
g54 = −1
9
(3c4 − 183c3 − 3498c2 − 916c + 576),
g55 =
1
108
(1728c4 − 2733c3 − 10177c2 + 9348c + 504),
g56 = − 1
18
(360c4 + 961c3 − 3629c2 − 10614c − 924),
g57 =
1
9
(57c4 − 3105c3 + 7902c2 + 5212c − 4032),
g58 = −1
9
(c+ 1)(5c − 9)(36c2 + 121c + 18), g59 = −4
3
(c+ 1)(5c − 9)(19c + 65),
g60 = − 1
12
(28c4 − 609c3 + 923c2 + 3136c − 3884),
g61 = − 1
18
(2c4 + 746c3 − 2817c2 − 8691c + 3970),
g62 = −14
27
(3c5 + 3c4 − 95c3 + 235c2 − 342c− 126),
g63 =
14
9
(404c2 − 1722c − 1307), g64 = 7
18
(981c3 − 2009c2 − 554c − 1932),
g65 =
7
18
(99c4 − 353c3 + 720c2 − 1096c − 84),
g66 =
7
54
(384c4 − 1673c3 − 2771c2 + 8946c + 5292),
g67 = −7
9
(37c3 + 3087c2 − 6190c − 6510), g68 = − 7
18
(c+ 6)(104c3 − 461c2 + 471c − 56),
g69 = − 7
18
(69c4 − 192c3 + 3326c2 − 8467c − 3318), g70 = −7
6
(83c3 + 305c2 + 386c − 928),
g71 = − 7
18
(58c4 − 191c3 + 861c2 − 1678c + 488),
g72 =
11
108
(c+ 1)(24c4 − 192c3 + 437c2 − 1642c + 1212),
g73 = −22
9
(356c2 + 126c + 43), g74 = −11
18
(579c3 − 531c2 + 142c − 204),
g75 = −11
54
(384c4 − 65c3 + 305c2 − 810c − 108), g76 = −11
9
(83c3 + 1013c2 − 118c − 138),
g77 =
11
18
(c+ 6)(56c3 − 75c2 + 69c − 164), g78 = 11
36
(2c− 1)(51c3 − 177c2 + 1804c + 576),
g79 = −11
18
(99c4 − 305c3 − 372c2 + 844c + 84), g80 = −11
6
(117c3 − 1221c2 + 618c + 1592),
g81 =
11
18
(22c4 + 511c3 − 1161c2 − 742c + 2000),
g82 =
1
972
(36c7 − 2082c6 − 114909c5 + 190147c4 + 979562c3
− 2223812c2 − 576408c + 1792224),
83
g83 =
1
81
(8592c4 − 690638c3 + 492653c2 + 301732c + 152436),
g84 = − 1
27
(14816c3 + 458716c2 − 638341c − 144486),
g85 =
2
9
(2320c4 − 101889c3 + 606844c2 − 674264c + 142664),
g86 =
1
162
(21024c5 − 155943c4 − 477323c3 + 2798086c2 − 3446922c + 677124),
g87 =
1
54
(56463c5 − 221675c4 + 287658c3 − 263908c2 + 480360c − 170688),
g88 = − 1
81
(10764c6 + 67305c5 − 243325c4 − 549414c3 + 1592164c2 + 1045896c − 1536192),
g89 = − 1
54
(46011c5 + 233631c4 − 1403284c3 + 2121364c2 − 3022480c + 322848),
g90 = − 1
108
(8091c6 + 10017c5 − 481476c4 + 2033078c3 − 3183264c2 + 3023176c − 347232),
g91 = − 1
648
(3c− 10)(384c5 − 19097c4 + 354613c3 − 952818c2 + 808704c − 128016),
g92 = − 1
54
(9288c5 + 56174c4 − 230811c3 − 1268420c2 + 2402016c − 410424),
g93 = − 1
216
(9000c6 + 92627c5 − 178145c4 − 3381908c3 + 11292180c2 − 6585920c − 5335680),
g94 = − 1
108
(1314c6 − 7662c5 − 147177c4 + 893811c3 − 1813360c2 + 1082048c − 284424),
g95 =
1
54
(43257c5 + 373377c4 − 3279584c3 + 8020988c2 − 3334496c − 3284064),
g96 =
1
108
(8055c6 − 12570c5 − 97429c4 − 511992c3 + 4979588c2 − 8095952c + 3884832),
g97 = − 2
27
(c− 2)(c + 12)(6954c3 − 2861c2 − 23299c − 25314),
g98 = − 2
27
(c− 2)(c + 12)(24202c2 − 53445c − 42157),
g99 = −1
9
(c− 2)(c+ 12)(5899c3 − 31814c2 + 36521c + 26914),
g100 = − 1
18
(734c5 − 32469c4 − 211047c3 + 1109960c2 − 984776c − 211976),
g101 = − 1
81
(3405c6 + 18707c5 − 141714c4 − 114585c3 + 778432c2 + 348368c − 1590744),
g102 = − 1
27
(c+ 12)(296c4 − 19977c3 + 2186c2 + 152690c − 196004),
g103 =
2
27
(c− 2)(c+ 12)(644c4 + 977c3 − 6375c2 + 7269c − 9683),
g104 =
1
81
(1923c6 + 11271c5 − 83708c4 + 179760c3 + 479801c2 − 27546c − 1116048),
g105 =
1
1296
(1524c7 + 192c6 − 228911c5 + 758549c4 + 1510616c3
− 7264492c2 + 3218632c + 5989872),
g106 =
1
54
(30c5 − 294c4 − 682c3 + 2933c2 + 10053c + 1302),
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g107 = − 1
81
(27c7 + 171c6 − 1578c5 − 6019c4 − 101c3 + 55478c2 + 36624c − 14112),
g108 =
4
27
(1872c4 + 11665c3 − 57505c2 − 84080c − 57732),
g109 =
4
9
(640c3 + 2234c2 − 34793c − 10998),
g110 =
8
3
(31c4 − 1488c3 − 1757c2 + 36922c + 32),
g111 =
1
27
(1728c5 + 13656c4 − 30415c3 − 117361c2 + 173622c − 74592),
g112 =
2
9
(9c − 7)(11c4 − 591c3 + 658c2 + 2544c + 192),
g113 = − 4
27
(12c6 − 525c5 − 4828c4 − 8937c3 + 65674c2 + 49488c − 12096),
g114 =
1
9
(63c5 − 1713c4 − 44560c3 + 248500c2 + 96752c + 7488),
g115 =
1
18
(9c6 − 336c5 − 3111c4 + 77186c3 − 239904c2 − 91088c − 7104),
g116 =
1
108
(3c − 10)(576c5 + 6967c4 − 13895c3 − 35142c2 + 32184c + 2016),
g117 =
1
9
(72c5 − 670c4 − 29169c3 − 1808c2 + 272004c + 37632),
g118 = − 1
36
(360c6 + 4549c5 − 1243c4 − 113704c3 + 79500c2 + 344432c − 172032),
g119 = −1
9
(54c6 + 318c5 − 2403c4 + 13806c3 − 12505c2 − 75262c + 22512),
g120 =
1
9
(141c5 − 5319c4 − 106876c3 + 186724c2 + 482768c + 36288),
g121 =
1
18
(45c6 − 2166c5 − 8819c4 + 30636c3 − 75380c2 + 316112c + 149184),
g122 =
2
9
(c− 2)(c + 12)(72c3 − 1576c2 − 2753c − 1560),
g123 = −2
9
(c− 2)(c+ 12)(544c2 + 6720c + 4811),
g124 = −1
3
(c− 2)(c+ 12)(13c3 − 731c2 − 2764c − 200),
g125 = −1
3
(208c5 + 1926c4 − 5559c3 − 14291c2 + 60518c − 38392),
g126 = − 4
27
(45c6 + 542c5 + 1065c4 − 1899c3 − 15641c2 − 1786c + 25584),
g127 = −2
9
(172c4 + 744c3 − 1277c2 − 10355c + 7874),
g128 = −2
9
(c− 2)(c+ 12)(7c4 − 149c3 + 48c2 + 93c − 1021),
g129 =
1
54
(12c6 − 636c5 − 10495c4 − 53613c3 + 5614c2 + 814848c + 294816),
g130 = − 7
648
(30c7 + 80c6 − 5979c5 + 16513c4 + 55058c3 − 248048c2 + 179896c + 82992),
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g131 =
7
9
(1376c3 + 24184c2 − 66847c − 18402),
g132 =
7
9
(246c4 + 11499c3 − 27490c2 + 10670c − 29484),
g133 = − 7
108
(3c− 10)(675c4 + 295c3 − 7346c2 + 9078c − 3780),
g134 =
7
54
(3c− 10)(65c5 + 499c4 − 1428c3 − 9172c2 + 20508c − 504),
g135 =
7
9
(249c4 − 1212c3 + 2929c2 − 3716c + 812),
g136 =
7
36
(60c6 − 49c5 − 2109c4 + 16386c3 − 38894c2 + 31648c − 12264),
g137 =
7
54
(1833c5 + 20341c4 − 149380c3 + 41140c2 + 280008c + 248976),
g138 =
14
27
(814c4 + 2355c3 − 146337c2 + 266620c + 131124),
g139 = −14
9
(10c5 − 633c4 + 8734c3 − 43992c2 + 60892c + 1512),
g140 = − 7
18
(113c5 + 6013c4 + 23676c3 − 166376c2 + 131240c + 94080),
g141 =
7
108
(285c6 + 169c5 − 670c4 − 60784c3 + 60116c2 + 184872c − 38304),
g142 = −7
9
(9c5 + 614c4 + 1520c3 + 62106c2 − 172210c + 9660),
g143 = − 7
36
(75c6 + 331c5 − 1806c4 + 14276c3 − 31932c2 − 47136c + 106512),
g144 = − 7
54
(54c6 + 649c5 + 2382c4 − 11713c3 + 34356c2 − 98724c + 24864),
g145 =
7
3
(3c − 10)(134c3 + 1167c2 − 904c − 2084),
g146 =
7
9
(270c5 + 868c4 − 6159c3 + 5271c2 − 642c+ 5712),
g147 = − 7
12
(35c5 + 705c4 − 756c3 − 11834c2 + 37100c − 30752),
g148 = − 7
54
(110c6 + 915c5 − 1745c4 + 1154c3 − 99200c2 + 242168c − 82992),
g149 = −7
9
(58c5 − 35c4 − 1575c3 + 27644c2 − 71752c + 40536),
g150 = − 7
108
(90c6 − 539c5 − 12299c4 + 76248c3 − 196162c2 + 238668c − 67296),
g151 =
11
2592
(120c7 + 460c6 − 8851c5 + 52395c4 − 231412c3 + 528598c2 + 4096c − 52008),
g152 =
11
3
(96c3 − 3776c2 − 6907c − 2762),
g153 =
11
9
(558c4 − 4699c3 − 5334c2 + 2914c − 2196),
g154 =
11
108
(2025c5 − 4653c4 − 15988c3 + 41354c2 − 19392c − 4536),
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g155 = −11
54
(c+ 12)(195c5 − 561c4 + 84c3 − 1896c2 + 2164c + 168),
g156 = −11
54
(1239c5 + 4231c4 + 8424c3 + 57092c2 − 24552c − 13968),
g157 = −22
27
(742c4 + 4873c3 + 32681c2 + 27908c − 5556),
g158 = −22
9
(20c5 − 1087c4 + 4654c3 − 14524c2 + 10180c + 1800),
g159 = −11
18
(199c5 + 2455c4 + 12816c3 − 63256c2 + 29608c + 4416),
g160 = − 11
108
(285c6 + 1058c5 − 9411c4 + 21276c3 − 105890c2 + 55464c + 19368),
g161 = −11
18
(54c5 + 298c4 + 1861c3 − 62578c2 − 48906c + 12468),
g162 =
11
36
(c+ 12)(45c5 − 47c4 + 1182c3 − 4490c2 + 2434c + 372),
g163 =
11
54
(42c6 + 151c5 − 3066c4 + 28255c3 − 94028c2 − 26656c + 13080),
g164 = −77
9
(3c − 10)(c + 12)(7c3 − 2c2 + c− 4),
g165 = −11
36
(60c6 − 17c5 − 3045c4 + 5330c3 + 14010c2 − 21392c − 168),
g166 = −11
3
(346c4 + 4327c3 − 15410c2 + 188c + 5656),
g167 = −11
9
(120c5 + 2494c4 − 8791c3 + 4955c2 − 450c + 5088),
g168 = −11
12
(85c5 − 821c4 − 14700c3 + 52430c2 − 18852c − 38848),
g169 =
11
54
(50c6 + 1085c5 + 1845c4 − 16450c3 + 53796c2 − 73808c + 42960),
g170 = −11
9
(54c5 + 79c4 − 9527c3 + 20534c2 + 3572c − 23784),
g171 =
11
108
(30c6 + 643c5 + 2623c4 − 18896c3 + 1566c2 + 134124c − 131136),
g172 =
77
23328
(1440c7 − 14997c6 − 62076c5 + 1287093c4 − 4637476c3
+ 5140856c2 + 3881352c − 551040),
g173 =
308
81
(4368c4 − 30343c3 + 14437c2 − 28765c − 14850),
g174 =
2156
81
(c− 10)(20c − 13)(32c − 7),
g175 =
616
27
(2912c4 − 22307c3 + 78585c2 − 42856c + 33520),
g176 =
77
81
(4032c5 − 16497c4 − 39946c3 + 188221c2 − 233572c + 9240),
g177 =
308
27
(2688c5 − 17111c4 + 44127c3 − 52462c2 + 38522c + 4760),
g178 =
154
27
(294c5 − 2187c4 + 34562c3 − 82675c2 + 308522c − 52240),
g179 =
77
162
(10143c6 − 33504c5 − 9135c4 + 114096c3 − 78904c2 + 157688c − 20160),
g180 = −308
81
(1008c6 + 4230c5 − 13346c4 − 48561c3 + 82163c2 + 298018c − 38360),
g181 = − 77
162
(6363c6 + 14892c5 − 323451c4 + 764148c3 − 451800c2 − 5176c − 90880),
g182 = − 77
972
(4410c7 − 15369c6 − 120012c5 + 227883c4 + 712944c3
− 275864c2 − 6730616c + 981120),
g183 = −154
81
(1197c6 − 285c5 − 46635c4 + 276678c3 − 574875c2 + 999112c − 164240),
g184 = − 77
486
(882c7 − 5664c6 − 38073c5 + 435645c4 − 1390596c3
+ 1886018c2 − 1948908c + 367360),
g185 =
77
1458
(3c− 10)(9168c4 − 41233c3 + 63926c2 − 32925c + 4284),
g186 =
77
972
(3c − 10)(2619c5 − 26718c4 + 93996c3 − 148037c2 + 121372c − 29064),
g187 =
77
162
(3c − 10)(672c5 − 194c4 − 32876c3 + 96045c2 − 103071c + 7728),
g188 =
154
81
(252c5 − 8779c4 + 2830c3 + 137012c2 − 102195c + 169050),
g189 =
77
27
(7c− 15)(189c5 − 1045c4 + 3357c3 − 6704c2 + 6324c − 672),
g190 = − 77
162
(3780c6 + 20748c5 − 65190c4 − 857481c3 + 2953173c2 − 2006758c − 516040),
g191 = − 77
486
(2412c6 − 14484c5 − 43683c4 + 380967c3 − 687016c2 + 234404c + 73920),
g192 = −77
81
(378c6 − 990c5 − 42774c4 + 232857c3 − 400095c2 + 32236c − 8120),
g193 = − 77
108
(7c− 15)(18c6 − 27c5 − 594c4 + 4678c3 − 14908c2 + 12436c + 1176),
g194 = − 77
972
(252c7 − 309c6 + 7686c5 + 62992c4 − 425287c3 + 561346c2 + 593504c + 146720),
g195 = −154
27
(546c5 − 35523c4 + 210850c3 − 439679c2 + 129322c − 145040),
g196 = − 77
162
(10143c6 − 76284c5 + 127473c4 + 181620c3 − 549440c2 + 8344c + 141120),
g197 =
77
162
(6237c6 + 28896c5 − 743565c4 + 3456888c3 − 5422224c2 + 843128c + 2656640),
g198 =
77
486
(2205c7 − 4947c6 + 32040c5 − 199680c4 + 429834c3
− 290084c2 + 1394512c + 809760),
g199 =
154
81
(1071c6 − 4551c5 + 28176c4 − 227049c3 + 785763c2 − 674102c + 633640),
g200 =
77
486
(882c7 + 1632c6 − 76929c5 + 207717c4 + 408444c3
− 1785350c2 + 1833900c + 240800),
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g201 =
77
27
(7c− 15)(96c4 − 5534c3 − 955c2 + 7648c + 7068),
g202 = −77
27
(7c − 15)(544c3 + 17756c2 − 23063c − 5058),
g203 =
154
9
(7c − 15)(32c4 − 1482c3 + 11519c2 − 12826c − 1016),
g204 =
77
162
(7c − 15)(288c5 − 261c4 − 9395c3 + 26770c2 − 26670c + 10332),
g205 = − 77
162
(2520c6 + 21138c5 − 150681c4 + 206202c3 + 1479c2 + 208354c − 474680),
g206 = −77
9
(1372c5 + 6039c4 − 77008c3 + 184847c2 − 95304c − 55520),
g207 = −77
54
(7c − 15)(14c5 − 481c4 − 1799c3 + 17014c2 − 27804c + 11208),
g208 = − 77
324
(630c7 + 2843c6 − 15447c5 − 210354c4 + 1239562c3
− 2137342c2 + 838484c + 642320),
g209 = −77
81
(1680c6 + 8416c5 − 55197c4 − 36918c3 + 290553c2 − 46874c − 420520),
g210 = −154
81
(2534c5 + 14344c4 − 147247c3 + 177799c2 + 155864c − 469280),
g211 = −154
81
(840c6 + 387c5 − 64812c4 + 317754c3 − 515511c2 + 145294c + 244120),
g212 = −77
27
(7c − 15)(10c5 − 399c4 − 1802c3 + 1411c2 + 8330c − 9216),
g213 =
77
243
(210c7 + 1647c6 − 9126c5 + 21660c4 − 106350c3 + 240397c2 − 79586c − 182280),
g214 = − 77
972
(1260c7 + 1353c6 − 68409c5 + 374204c4 − 1287730c3
+ 2948886c2 − 3909156c + 1819920),
g215 = − 77
162
(42c6 − 2274c5 − 13142c4 + 131741c3 − 254657c2 − 936966c + 523320),
g216 =
77
486
(630c7 + 2016c6 − 47841c5 − 5964c4 + 1391691c3
− 4114472c2 + 3324268c − 149760),
g217 =
77
972
(504c7 − 1728c6 − 60234c5 + 409212c4 − 751281c3
+ 584605c2 − 1013070c + 1718360),
g218 =
77
38880
(840c8 + 720c7 − 76821c6 + 437576c5 − 1951055c4
+ 6780860c3 − 11809808c2 + 6517336c − 510720),
g219 =
1
216
(24c7 − 288c6 − 5713c5 + 28303c4 + 22516c3 − 97784c2 − 4360c + 83328),
g220 = − 1
18
(27c5 − 105c4 + 234c3 − 371c2 − 1395c + 252). (L.2)
Note that in the large c → ∞, all the nonlinear terms in Appendix (L.1) together with
Appendix (L.2) disappear. Let us emphasize that the field contents in the right-hand side of
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Appendix (L.1) can be read off from the N = 2 higher spin 7
2
current with U(1) charge 1
3
and the higher spin 7
2
current with U(1) charge −1
3
in the unitary case [44] where the factor
(c− 2)(c− 1)(c+ 1)(c+ 6)(c+ 12)(2c− 3)(5c− 9) occurs also. One can analyze the various
null states at c = 2, 1,−1,−6,−12, 3
2
or 9
5
. See also [64].
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